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A bit of history 


This book is the fruit of thirty-five years of accumulated experience of two researchers: 
Xavier Emery, a civil engineer from Paris School of Mines, currently a full professor 
in the Department of Mining Engineering and a principal researcher of the Advanced 
Mining Technology Center (AMTC) in the Faculty of Physical and Mathematical 
Sciences at University of Chile; and Serge Antoine Séguret, a research engineer at 
Mines ParisTech (Paris School of Mines) who has been working for more than thir- 
ty-five years in the prestigious Center of Geostatistics founded by Georges Matheron 
(1930-2000). 

Georges Matheron and geostatistics, two names that are inextricably linked. 
This engineer from the Corps of Mining Engineers of France is the founder of the 
discipline that today is increasingly called ‘spatial statistics’, which also includes 
the time axis in which the variables studied are sometimes regionalized, as well as 
the analysis of space-time fields, frequently found in pollution studies. The story 
of the discipline and of its founder begins with a field experience at the Algerian 
Mining Research Office (BRMA), where Georges Matheron worked in his early 
career. 

The reading of two articles by a talented South African mining engineer, Danie 
Krige (1919-2013), on the evaluation of mineral resources and the support effect, pub- 
lished in 1951 and 1952, caused a masterful spark that led to the ‘theory of regionalized 
variables’ (Matheron, 1965a, 1971). One of the greatest contributions of this theory is 
a spatial prediction method, used worldwide by tens of thousands of practitioners, 
known as ‘kriging’, a name coined by Georges Matheron (1962a, b, 1963a, b, 1965a) so 
that nobody, ever, forgets the initial South African contribution. 

But the real adventure began at Paris School of Mines in 1968, in Fontainebleau 
(France), where, little by little, several young researchers joined Georges Matheron 
to form a team of a dozen passionate people, who could not cope with a considerable 
demand and were also aware of contributing to the history of ‘applied mathematics’ at 
the service of engineering. This team has been constantly renewed, the two authors of 
this book being part of the third and fourth generations. Like their predecessors, they 
will have dedicated their lives to their passion and did not make geostatistics a simple 
job; rather, it is as if they had joined a religion. 
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As a result of this considerable experience, this book is an invitation to travel in 
several dimensions: 


e the mining world with its practices; 

e Chile, a pioneer country in the development and application of geostatistics, 
which we will travel along an axis 2,000km along the Andes from the east of the 
capital, Santiago, to the Atacama Desert in the north; 

e the dimension of geostatistical methods; 

e finally, probably the most important, the dimension of a fantastic Franco-Chilean 
human adventure in which more than 100 actors from both countries participated 
and which began in the 1960s. 


At that time, to teach students in the mining engineering courses, the Department of 
Mining Engineering at the University of Chile hired the services of Jacques Damay, 
a French engineer who was working in Santiago for the mining company Disputada 
de Las Condes. In 1968, under the leadership of Damay, the University of Chile and 
Paris School of Mines established an intense collaboration around ‘geostatistics’, re- 
cently created by Georges Matheron. This collaboration resulted in numerous stays 
and visits of Chileans in France and French in Chile, in particular, in the arrival of 
Alain Maréchal, a researcher at the Center of Geostatistics at Paris School of Mines, 
as a visiting professor at the University of Chile between 1970 and 1973. It also led to 
the foundation of a ‘Center of Geostatistics and Mineral Deposit Evaluation’ at the 
University of Chile, and the publication of a journal, the Geostatistics Bulletin (Boletin 
de Geoestadistica), between 1972 and 1973 (Dagbert and Maréchal, 2008). The library 
of the Faculty of Physical and Mathematical Sciences at University of Chile conserves 
documents that witness this intense activity: course notes of statistics and mineral de- 
posit evaluation, special issue of the magazine Minerales from the Institute of Mining 
Engineers of Chile, dedicated to geostatistics (April 1969), or even the three volumes 
of the mythical ‘Applied Geostatistics Treaty’ (Traité de Géostatistique Appliquée) by 
Georges Matheron (1962—1963) — the first two ones published as memoirs of the French 
Geological Survey (BRGM, Bureau de Recherches Géologiques et Minières), leaving 
the third one in the form of an unpublished note from Paris School of Mines — volumes 
that practically cannot be found anywhere else. 

During the 1970s, Chile was a laboratory for the development of new geostatisti- 
cal tools, models and methods. Witnesses of that era are the concepts of selectivity, 
transfer or recovery functions, discrete Gaussian model or nonlinear geostatistical 
techniques such as disjunctive kriging, forged at Paris School of Mines to answer the 
problem of calculating the recoverable resources in Chilean deposits such as Chuqui- 
camata or El Teniente (Journel and Segovia, 1974; Maréchal, 1982). We will find these 
tools and techniques in this book with recent applications. 

At the same time, in 1971, Chile nationalized the main copper mines that were oper- 
ating in its territory, and in 1976, the National Copper Corporation of Chile (Codelco) 
was created to manage the nationalized deposits. There was born the largest copper 
producer in the world. 

Paris School of Mines, the University of Chile, Codelco: three actors who would 
meet in the late 1990s and early 2000s, at the initiative of Chilean geologist Pedro Car- 
rasco, the friend to whom we dedicate this book. 


A bit of history xv 


N°1 MAYO 1972 


Centro de Gecestadistica 
DEPARTAMENTO DE MINAS 
Fecultad de Ciencias Fisicas 
y Mateméticas 

UNIVERSIDAD DE CHILE 


Figure 0.1 Course notes from the ‘Center of Geostatistics and Mineral Deposit Eval- 
uation’ at University of Chile (1970) and the first issue of the ‘Geostatistics 
Bulletin’ (1972). 


In 1979, Pedro graduated as a geologist from the University of Chile and quickly 
became interested in geostatistics, participating in the first session of what would be 
the Cycle of Specialized Training in Geostatistics (CFSG, for its acronym in French) 
at Paris School of Mines, a ten-month training that continues to be offered today and 
whose objective is to teach geostatistics to professionals with a mining experience: 
geologists, mining engineers, metallurgists, chemical engineers, geotechnicians and 
geomechanicians. Pedro then worked as a geostatistical geologist in Australia and 
Chile, where he became the Director of Geosciences at Codelco. 

Pedro was a participant of key collaboration agreements, on the one hand, between 
Codelco and the University of Chile and, on the other hand, between Codelco and 
Paris School of Mines. Thus, a first agreement, between 1997 and 2011, allowed the 
establishment of an Evaluation of Mineral Deposit Chair in the Mining Engineering 
Department at University of Chile, including the financing of research activities and 
training of mining engineers and postgraduate students in mining or geology. A sec- 
ond agreement, between 2003 and 2016, was established with Paris School of Mines 
to develop solutions to mining problems, from exploration to geometallurgy, passing 
through sampling problems, and to implement them in the company through one- 
week practical workshops that gathered a dozen engineers and geologists to learn how 
to reproduce the proposed solutions with their data. 

This book covers all these successful collaborations, of which the authors have been 
the main actors. Translated from French (Séguret and Emery, 2019) and Spanish (Em- 
ery and Séguret, 2020) and revised, this version brings to mining engineers and geol- 
ogists our experience, through applications to porphyry copper deposits, which can 
certainly be extended to other types of metallic and nonmetallic deposits. 

Our main motivation is to honor the memory of a friend who was the initiator of 
this editorial work, with such energy that made it possible to overcome his passing in 


xvi A bit of history 


Aidi 


Figure 0.2 Pedro Carrasco Castelli (1949—2010). 


July 2010 and whose impulse continues to motivate us, challenging the terrible laws of 
human entropy. We also want to thank Codelco for financing an important part of this 
work based on authorized publications and to convey the taste for applied research. To 
this end, it has been resolved to adorn the text of some anecdotes and call their actors 
by their names as a sign of friendship, recognition and thanks, also detailed at the end 
of the book. 

The road has been long to get here: 35 cumulated years of applied research; several 
hundred thousand kilometers across Chile or the Atlantic Ocean; almost all the min- 
ing problems addressed; almost all the geostatistical techniques used, evaluated and 
validated; a few original innovations that advance, little by little; hundreds of friends 
discovered — what a wealth! 


20°S 


(1) Radomiro Tomic 
(2) Chuquicamata 
(3) Ministro Hales 
(4) Gabriela Mistral 
(5) Andina 


(6) El Teniente 


Pacific 
30°S 


Ocean 


Figure 0.3 Location of the mines operated by Codelco that will be studied in this 
book. 


Introduction 


The organization of this book follows the typical mining sequence that starts with the 
exploration phase aimed at delineating the mineral deposit and detailing its geology. 

Geological objects can be singular, like the inverted cone-shaped diatreme of the 
El Teniente copper mine; more generally, they can be domains with given lithological, 
mineralogical, structural or alteration properties, which will be designated throughout 
this book under the name of ‘facies’, commonly used in geosciences. Within each facies, 
the metal grades have their own distribution and variability. This peculiarity will lead 
directly to the prediction or simulation of the grades (quantitative variables) taking into 
account the statistical and spatial characteristics of each facies (categorical variable). 

We emphasize these four terms, which will be found throughout this book: predic- 
tion, simulation, quantitative variable and categorical variable. 

The second phase corresponds to the evaluation of the ‘in situ’ mineral resources. 
The deposit is divided into production blocks, in the order of several hundred cubic 
meters, for which it is necessary to predict, among other characteristics, the grades of 
the elements of interest, whether main products, by-products or contaminants. Pre- 
dicting the next months or the next years of production involves sequencing the opti- 
mal extraction of these blocks in space and dimensioning the extraction and treatment 
facilities. At this point, a prediction bias can be catastrophic, especially if planned 
production is systematically under- or overvalued. 

The ‘recoverable resources’ correspond to the blocks for which the grade of the 
main product (or an ‘equivalent grade’ consisting of a combination of the grades of 
several elements of interest) exceeds a cutoff grade that is determined taking into ac- 
count numerous technical and economic conditions (which are sometimes ignored 
despite being mentioned in the rules and codes that regulate the public reporting of 
mineral resources). To correctly predict recoverable tonnage, grade and metal quan- 
tity, it is not enough to predict the average grades; one must also know their variability. 
Likewise, the calculations must take into account the volume of the production blocks, 
which is considerably larger than the exploration samples, resulting in a significant 
loss of selectivity, which is the ability to separate ore from waste. This problem is the 
subject of the third chapter. 

The block model is used by the planning engineer to value the resources, to deter- 
mine the final extent of the exploitation, whether open pit or underground, and to de- 
fine a mining strategy that leads to a production schedule for the life of the mine. This 
long-term plan should not only be optimal by maximizing the net present value (NPV) 
but also robust against unforeseen deviations between the resources predicted by the 
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models and the reality — the well-known geological uncertainty. At this stage, the ore 
reserves are defined, which correspond to the part of the in situ mineral resources that 
can be mined, accounting for technical and economic criteria known as ‘modifying 
factors’. 

Subsequently, in the production phase, additional sample measurements are ac- 
quired, such as blast holes in open-pit mines. These new measurements often represent 
larger volumes of material than those from exploration drill holes. Comparing both 
types of measurements by taking into account their respective volumetric supports 
is one of the traditional geostatistical challenges. The information support must be 
considered when, for example, updating the block model based on the new information 
from sampling in the production phase. Such additional information also allows for the 
definitive classification of the reserves into different types of ore and waste (a process 
known as ‘ore control’) and the short-term planning of the exploitation. 

And so, the mining sequence outlines the first five chapters of this book: 


Geometry and geology 

Geology and grades 

Grades and recoverable resources 
Long-term planning and reserves 
Short-term planning. 


AWN 


In addition to geology, two other disciplines, geotechnics and geometallurgy, must be 
addressed from the exploration stage as they play an essential role in the conception 
of the mine and its infrastructure and in designing the mineral concentration plant, 
leaching heaps or stockpiles, depending on the type of ore that will be treated. 

Geotechnics concerns the behavior of the rock mass, and a major concern of all 
exploitation is the safety of the infrastructure and personnel working in the mine. It 
is necessary to study the systems of geological discontinuities, such as faults, joints or 
fractures, and to evaluate the quality of the rock in order to quantify as precisely as 
possible the degree of stability of the slopes of the exploitation in the open-pit context 
or the fortification of the galleries in underground mining. Geotechnics is the subject 
of the sixth chapter. 

Geometallurgy concerns the treatment of the extracted ore. One has to assess the 
grade and metal quantity that will be effectively recovered after a complex process 
whose performance depends on numerous variables such as lithology, mineralogy, 
alteration, texture or grain size of the ore — variables that are often interrelated. Ge- 
ometallurgy has now become a specialization in itself and is addressed in the seventh 
chapter. 

Finally, how not to end up with sampling biases, considering here a broader mean- 
ing of the term ‘sampling’ given by the French engineer Pierre Gy (1924-2015) in the 
1950s, in relation to the usual practice of reducing the mass of samples to a few grams 
whose average grade is representative of the initial lot? This sampling problem is crit- 
ical to the entire mining evaluation process from the first exploration stage to obtain 
the information that will underpin the geological, geotechnical and geometallurgical 
models, through to the production stage in the ore control function involving sampling 
of blast holes or of underground galleries. 
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The three chapters are as follows, accordingly: 


6. Geotechnics 
7. Recovery and geometallurgy 
8. Sampling and geostatistics. 


The overall sequence of chapters is outlined in Figure 0.4 that reproduces the sequence 
of mining operations. The arrows represent the relationships or interactions between 
the addressed topics. At the center of the figure, the concept of geological uncertainty 
is indicated, essential in planning since it affects decision-making both in the long and 
short terms. To accompany the reader, this scheme is reproduced at the beginning of 
each chapter, with a highlighting of the problem addressed. 

A chapter of conclusions and perspectives will allow to verify that, among all the 
regionalized variables under study, indicator functions play an essential role; that 
multivariate geostatistics and its armed wing, cokriging, despite being attractive in 
theory, are a complication that does not always provide a real benefit; that, regardless 
of the method used, the variables under study should be additive, a powerful property 
whose meaning goes beyond just wanting to make sense to spatial averaging. Finally, 
we will raise some research topics that, in our opinion, deserve to be deepened. 
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Figure 0.4 Synthetic scheme of the book plan. The boxes in the central and right 
columns represent the issues addressed in Chapters l-8. 
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An appendix gathers some practical concepts and considerations on exploratory data 
analysis, structural analysis, kriging, cokriging and geostatistical simulation, as well 
as a presentation of two particular classes of models: transitive representations and 
object-based models. The novice reader is recommended to start with this appendix, 
but only after reading the following section. 


l. ‘Geostats’, what is this? 


This is the name used between us, much simpler, that avoids the common lapse to use 
the term ‘geostatics’ instead of the correct one, which annoys some of the most radical 
members of our community, especially when this erroneous term appears in a letter 
in which a candidate applies for a doctorate in ‘geostatics’, a discipline that he/she has 
followed with interest for several years and whose dynamism encourages him/her to... 
(we let you complete the sentence). 

But, by the way, what is geostatistics? Although this book is mostly aimed at trained 
users and students, it could reach the hands of simply curious people with a good sci- 
entific level (engineers, geologists, technicians or people with a master’s degree) who 
do not know this discipline. This section is designed for them, perhaps before ori- 
enting them toward a more complete introductory work on the subject (but not too 
discouraging from a theoretical point of view), Mining Geostatistics by André Jour- 
nel and Charles Huijbregts, published in 1978 and reissued since then, which actually 
corresponds to the translation of a course written in French one year earlier (Journel, 
1977) for students of Paris School of Mines, when the authors were researchers at its 
Center of Geostatics — sorry, Geostatistics. Although outdated, this work is very well 
done and constitutes the state-of-the-art in the late 1970s. As such, it is interesting to 
compare it with this book to judge the progress of the research applied to the mining 
field, of the directions taken, of the fashions as well, and of the problems that are still 
on the table, with no truly satisfactory solution. 

Presenting geostatistics to nonspecialists is a challenge that the authors had to face 
recently, in front of 50 students and mining exploration engineers, most of whom knew 
nothing about the discipline and were not specialists in statistics or in probabilities. 
It was in Kalgoorlie, in the outback of Australia, an environment like in the far west. 
The challenge was as follows: before presenting case studies, only five minutes were 
available to get people into geostatistics, with a maximum of two slides and the for- 
mal prohibition of using the two keywords of our discipline: variogram and kriging. 
Needless to say that it was like facing a duel with revolvers, with an empty cylinder and 
the arms tied behind the back. However, the exercise is based on the four expressions 
mentioned earlier: 


e to predict or to simulate 
e regionalized quantitative or categorical variables. 


Consider as a quantitative variable the grade of a metal and as a categorical variable a 
set of geological facies (see Figure 0.5, parts (a) and (b)). This reality — the spatial vari- 
ations of the grade and the shape of the facies — is only known through a finite number 
of samples, which can be arranged in a regular mesh, like here, or in an irregular one, 
so that our knowledge is summarized by the grades and the facies of parts (c) and (d). 
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Figure 0.5 Variables distributed in a region of space or ‘regionalized’: 
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(a), geological facies (b). Sampling data: metal grade (c), facies (d). A pre- 
diction of the grade (e) and the facies (f). Three simulations of the grade 
(g) and the facies (h). 
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Starting from this raw material, geostatistics aims to ‘fill the holes’ at any location of 
interest, eventually to characterize different amounts of matter, in order to meet two 
rarely compatible objectives: 


e to make the least possible error: this objective is the ‘prediction’ (for the statisti- 
cian) or, more prosaically, the ‘evaluation’ or the ‘interpolation’; and 
e to produce a result that resembles reality. 


This leads us to subfigures (e) to (h), where the four key concepts intersect. 

Subfigure (e) shows the prediction of a quantitative variable. To make an error as small 
as possible, one has to accept giving up the details and following the big lines (or trends). 
The result is a smooth image that does not resemble reality, as it does not have its ‘texture’. 
This image allows taking certain strategic decisions based on the long term, except for 
decisions that depend on the spatial variability that the prediction does not reproduce. 

Three simulations of the same quantitative variable appear in subfigure (g). Around 
the sampling points, the result is close to the sampled values; as soon as one moves 
away, the produced values fluctuate in a range given by the statistics of the simulated 
quantitative variable. In general, not a single simulation is analyzed, but several tens, 
hundreds or thousands, and the decisions are based on the statistics calculated over 
these simulations, for instance, to quantify a risk around a prediction. 

The same holds for categorical variables, with the difference that the prediction (f) 
produces smooth facies contours, while the simulations (h) produce facies similar to the 
original geometry. The prediction may be the result of the interpretation of a geologist 
or, as it is the case here, of the assignment, at each point of the region, of the most likely 
facies, the one that is repeated most frequently among the simulations at this point. 


Figure 0.6 ‘There is no probability in itself, there are only probabilistic models’. Sand- 
stone high relief of 2 x | m? erected in the lobby of the Center of Geosta- 
tistics of Mines ParisTech in Fontainebleau (France). It is the result of an 
international subscription that brought together several hundred people 
and dozens of institutions in a unanimous effort to pay tribute to Georges 
Matheron one year after his passing. 
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Another term actually deserves to be added to the four previous keywords: ‘mod- 
eling’. Indeed, the construction of predictions and simulations is always based on a 
mathematical modeling of the data. In the ‘constitutive’ model of geostatistics formal- 
ized by Matheron (1963b, 1965a, 1978), the regionalized variable under study is inter- 
preted as the result (in technical language, one speaks of a ‘realization’) of a spatial 
random field, i.e., a mapping whose values are random and, at the same time, exhibit 
a spatial structure. To determine this abstract random field from the sampling data, 
several limiting hypotheses need to be introduced. Some correspond to methodolog- 
ical choices, and others have a more ‘objective’ character, in the sense that they are 
verifiable or falsifiable on the basis of a large number of observations. These choices 
and hypotheses constitute additional information to the sampling data, valuable for 
the prediction or the simulation of the variable under study. 

Finally, let us point out that the modeling of a regionalized variable by a random 
field does not result in a single solution: several models are conceivable to represent 
the same reality with a certain degree of realism. They depend on the experience, 
knowledge, intuition and preferences of the geostatistician, as well as on two spatial 
characteristics of the variable under study: 


e Its ‘support’, a term that refers to the elementary surface or volume on which it is 
measured. The support of sampling data is often assimilated to a point, although 
this is a simplification. A more realistic representation of a drill-hole core, for 
example, is a small-diameter cylinder whose length varies from a few tens of cen- 
timeters for vein-type deposits to several meters for more massive deposits and 
whose width varies according to drilling method. Increasing the support of the 
data by creating regularized samples, composited to a greater length, smoothens 
out the spatial variability of the regionalized variable — this is the famous ‘support 
effect’ highlighted by Danie Krige and formalized by Georges Matheron — and, 
therefore, modifies the probability distributions of the associated random field. 

e The scale at which the regionalized variable is observed. The theory conceives the 
random field model in a space of two or three dimensions, without limits, but this 
again is an idealization because the variable is always defined in a bounded region 
of space, called ‘field’ or simply ‘domain’. Depending on the objectives of the study 
and on the number of available samples, the geostatistician can work at the scale 
of the entire domain or at the scale of a local ‘neighborhood’ and conceive, for the 
same regionalized variable measured on the same volumetric support, different 
random field models that depend on the working scale. 


Now, you know almost as much about geostatistics as we do. It is time to pack your 
bags and to continue this journey. 
Ready? We start! 
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Three applications of geostatistics to geological modeling are presented. The first one 
refers to a simple geometry and calls into question the use or not of geostatistics. The 
diatreme pipe at the El Teniente mine is a chimney-like structure filled with weakly 
mineralized breccias, with an approximately conic shape. It can be represented by a 
group of measurements set to 1 (one) immersed in an infinite field of 0 (zero) that indi- 
cates its absence. In this context, is it acceptable to apply the geostatistical formalism 
of random fields, which always relies, in one way or another, on a form of stationarity 
that assumes that statistical properties such as the mean, the variance or the vario- 
gram are invariant by a translation in space? 
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The second and third applications focus on the modeling of mineralized breccias 
and of the surrounding facies, a characteristic of porphyry copper deposits. These 
deposits constitute the main resource of copper and molybdenum worldwide. They 
are often associated with porphyritic rocks that can be distinguished by the presence 
of feldspar phenocrystals embedded in a fine matrix. Etymologically, porphyra means 
‘purple’, in reference to the best-known red variety of these rocks. Here, the challenge 
is to reproduce the existing natural transitions when moving from one facies to an- 
other, the way in which the rock types intermingle in space. 


l.l The ‘Braden pipe’ of El Teniente 


El Teniente is the largest porphyry copper deposit in the world and is located in the 
Rancagua region of central Chile, about 70 km southeast of Santiago. Mining started 
in 1905, and the deposit is currently exploited from underground by panel caving 
(Hustrulid and Bullock, 2001) with more than 3,000 km of galleries. 

The deposit is also famous among geologists for its diatreme, a weakly mineralized 
intrusion with the shape of an inverted vertical cone of 1 km height and a maximum 
diameter of 1 km at its highest point (Skewes et al., 2002; Maksaev et al., 2004). 
Known as the ‘Braden pipe’ or ‘Braden breccia’ by Chilean geologists and miners, 
this unit crosses the deposit and constitutes the internal limit of the mining operations 
(Figure 1.1). Itis important to determine the surface of its contour. This problem refers 
to the geometry and precedes the prediction of copper grade, which is often condi- 
tioned by the defined geometry, as will be seen later. 

About 4,500 drill holes crossing the pipe from side to side with different orienta- 
tions are available, each of which has been split into composite samples of 6 m length. 
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Figure I.| The topography of the surface and diatreme (Braden pipe) of El Teniente 
mine. The labels identify the levels mined since the 1940s and those of the 
future. After more than one hundred years of exploitation, the top of the 
diatreme now appears in satellite views. (Credit: Felipe Celhay.) 
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The resulting 90,000 samples are coded by 0 (outside the diatreme) or by 1 (inside). 
Several approaches have been tested to predict the contour of the pipe: 


e 2D approach: For each drill hole, only the elevation of the transition, either from 0 
to 1 or from 1 to 0, is recorded. The regionalized variable is then the elevation of 
the points on the surface of the diatreme, studied in a traditional way (variogram 
analysis and then ordinary kriging). 

e Binary approach (3D): The indicator function of the diatreme (with values 0 or 1) 
is directly studied in the three-dimensional space by applying the usual techniques 
of stationary geostatistics. 

e Intermediate approach (3D): The regionalized variable can take the values 0, 1, 
and 0.5. 


Let us detail this third approach. The kriging of a binary random field produces 
values that are generally included in the interval [0,1], and the question is to know 
from which value one considers to be inside the object, insofar as the geologists are 
interested in the coordinates of the surface rather than in a pseudoprobability. In 
order to answer this question, consider a point in space exactly halfway between two 
samples coded as | and 0, respectively. Because nothing in the model specifies any 
link between the distance between samples and their values (0 or 1), the midpoint of 
the two samples will be, on average, on the desired surface. An ordinary kriging at 
such a midpoint will assign the same weighted 1⁄2 to each of the two samples, yield- 
ing a prediction equal to 0.5. Accordingly, the value 0.5 constitutes the probability 
threshold above which it is judicious to consider to be inside the diatreme. The im- 
provement introduced by the third ‘intermediate’ approach consists in assigning the 
value 0.5 to the points of the 2D approach that are previously identified as on or close 
to the surface of the diatreme. The regionalized variable is no longer binary but now 
has three states: 0, 0.5, and 1. 

For each data set, a variogram model is inferred and ordinary kriging is executed. 
The three approaches are evaluated by cross-validation (prediction of known data 
values, which are temporarily masked for the exercise) and compared with the work 
completed twenty years ago by Codelco-El Teniente geologist Felipe Celhay, a Mines 
ParisTech graduate and coauthor of the publication of the original study (Séguret and 
Celhay, 2013), who used the same measurements described here, proceeding level by 
level at a time when geomodeling software did not exist. 

Let us analyze the results. For the 2D approach that uses about 1,000 points iden- 
tified around the surface of the diatreme, some inconsistencies appear (Figure 1.2c 
and d), such as point n°1 for which the elevation is significantly underestimated. Why? 
This point is located at an elevation of more than 2,500 m, on the surface, in contact 
with the air. The transformation to 2D projects it toward the center of the map, in a 
place where most of the measurements touch a deeper surface whose elevation is ob- 
viously less, in the order of 2,000 m. Kriging favors these neighboring measurements 
and assigns them a significant weight because of their proximity, as nothing in the 
model indicates that the point targeted for prediction is not of the same nature as its 
neighbors. In the end, the predicted elevation is too low. This is the price to pay for the 
simplification that reduces the dimension of the problem. When moving toward the 
center of the figure, the measurements are supposed to decrease. 
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Figure 1.2 2D approach. The predicted diatreme surface represented in (a) isopleths 
or (b) a vertical development; (c) in light gray the points predicted by 
cross-validation using the remaining data points; (d) cross-diagram be- 
tween the prediction (horizontal axis) and the true value (vertical axis). 
Points n°| and 2 are discussed in the text. 


The same analysis can be done for point n°2, whose elevation is overestimated, in 
this case because the point is located in the margin of the data crown where essentially 
high elevations are found. This marginal point is found in a deep protuburence of the 
diatreme. 

For the binary and intermediate approaches, the experimental verification by 
cross-validation concerns the points of the 2D approach for which kriging is expected 
to produce 0.5 on average, which is easily observed in the histograms of Figure 1.3: 
the predictions are centered on this value. Their quality is measured by the standard 
deviation around the value 0.5. In the intermediate approach, this standard deviation 
is divided by a factor of almost 2 because, near the surface, there are many data points 
whose values have been set to 0.5. Their proximity to the point targeted for prediction 
gives them significant kriging weights. 
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Figure 1.3 Comparison of approaches (I of 2). (a) Histogram of the predictions at 
the edge of the diatreme surface using the values 0 and | of the binary 
approach; (b) histogram of the predictions at the same locations using the 
values 0, 0.5 and | of the intermediate approach. 


The 0.5 isopleth curves in Figure 1.4a show how these points set to 0.5 ‘attract’ the 
curve of the intermediate approach. The comparison of the different curves with the 
geologists’ mapping (Figure 1.4b and c) is striking because of the good agreement of 
the different approaches. The explanation is given in Figure 1.4d, which represents a 
horizontal section of the result of kriging the indicator data, interpreted as (an esti- 
mate of) the probability of being inside the diatreme. In the vicinity of the surface, 
the thickness of the probability interval [0.25,1] is, on average, about 40 m, a low value 
in comparison with the dimensions of the diatreme. The sampling information is so 
abundant that even very different techniques lead to similar results. 

The proximity of 2D calculations, which use as few data as approximately 1% of the 
number of initial samples, with the results of the 3D approach is due to the fact that 
80% of the 90,000 initial samples consist of zeros with no influence on the diatreme 
surface tracing for distances greater than 250 m (diameter of the moving neighbor- 
hood used for kriging); the same happens with the remaining 20% of ones located in 
the center of the diatreme. In the end, near the surface where the methods could pro- 
vide different results, the number of samples is still favorable to the 3D approach, but 
by a factor of 10 and not 100. Felipe Celhay, the geologist who initiated this study, says 
that he prefers the results of the 2D approach, which gives smoother curves that are 
very close to his hand-drawn layout. 


1.1.1 Discussion and perspectives 


Initially, this work was, above all, a somewhat provocative exercise aimed at ex- 
tending the scope of geostatistics to the limit of its possibilities. In fact, the rep- 
resentation of the diatreme as a set of ones in the middle of an infinite space of 
zeros constitutes the antithesis of any geostatistics due to the nonstationarity of the 
problem. Indeed, at one time or another, a stationarity hypothesis is required to 
infer a model (see Appendix, Section A.2.7), which is not possible at the scale of 
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Figure 1.4 Comparison of approaches (2 of 2). (a) Isopleth curves of the intermediate 
and binary approaches for elevation 2,365 m and surface profile obtained 
in 2D. The crosses are the known points of the surface, set at 0.5 and 
that are in the vicinity of 2,365 m elevation. (b) Vertical section of the 
diatreme, the rectangle represents the study area; (c) horizontal section. 
At these scales, the binary approach and the intermediate approach are 
so close that it is impossible to distinguish them. In both cases, the 0.5 
isopleth curves are represented. The geologists’ layout and the 2D calcu- 
lations are similar and smoother than the 3D approaches. (d) Horizontal 
section of the binary kriging representing (estimates of) probabilities of 
being inside the diatreme. 
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the diatreme. In the analysis of the prediction results in this unfavorable context, 
it turns out that, in fact, only the stationarity at the moving neighborhood scale, 
near the surface of the diatreme, is relevant, with the implicit assumption that the 
indicator variogram is the same everywhere. In other words, it is assumed that the 
roughness of the diatreme surface is homogeneous. 

The same does not happen with the 2D approach, also due to a stationarity prob- 
lem. Figure 1.5a presents the variogram of the diatreme surface elevation along the 
four main directions (NO°E, N45°E, N90°E, N135°E) of the horizontal plane. The be- 
havior is isotropic in the first 150 m, which justifies the use of the average (omnidirec- 
tional) variogram of Figure 1.5b. However, the isopleth representation of the diatreme 
(Figure 1.5c) raises several questions: how is it possible to obtain a linear variogram, 


80000 p- T r r T -= - + 


directional y(h) average 7(h) if 
TUUUU + [de Sooo ott ya fases 
Í \ S 
60000 + 4000 |- at 
50000 Ff. * 
ý 30000 + A 
40000 } i 
ff r A 
30000 + i i 20000 L J 
if a 
20000 + 7 S 
if bid 10000 + 

10000 74 » 

H a 

ot 4 4 4 4 0 L 1 1 
n 100 200 300 400 500 0 50 100 150 
Distance h (m) Distance h (m) 


(a) (b) 


Z(x,yeh) 
50000 
Zzixy) 
40000 
all the data | 
N seas 
30000 er 
20000 i 
domain A 
10000 
s 
0 


0 50 100 150 


Distance h (m) 


(d) 


Figure 1.5 Illusory intrinsic stationarity. (a) Directional variograms of the elevations 
of the 2D approach, along the NO°E, N45°E, N90°E and N135°E directions; 
(b) omnidirectional variogram; (c) map of the predicted elevations and 
characteristic domains A and B discussed in the text; (d) power direc- 
tional variogram (NO°E) obtained when only data pairs in the ‘A’ domain 
are used. 
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indicating stationary increments (a hypothesis known as ‘intrinsic’ stationarity, see 
Section A.2.7 in Appendix), in the presence of such strong variations of elevation at 
small distances? 

Take the example of the north-south directional variogram and move in space a cou- 
ple of points aligned along the north-south direction. When the pair of points is in the 
‘A’ domain of Figure 1.5c, it produces elevation squared differences that give a power 
variogram with an exponent greater than 2 (Figure 1.5d), a behavior that escapes from 
the context of intrinsic geostatistics. Given the strong surface gradients at all scales, 
it would be necessary to use universal kriging (kriging of a random field whose mean 
value varies in space) or its generalization, the kriging of an intrinsic random field of 
order k (Chilés and Delfiner, 2012). However, this power behavior does not appear in 
the results, since it is attenuated by the pairs of points that, taken in the ‘B’ area of 
Figure 1.5c, are parallel to the isopleth curves and produce differences that are very 
close to 0, even more when these differences are squared. As a result, the north-south 
variogram of Figure 1.5a looks intrinsic as it is an average of these extreme behaviors. 
This is true regardless of the direction of the analysis, insofar as the diatreme is close 
to a solid of revolution whose axis is the vertical and, finally, the average variogram 
of Figure 1.5b looks linear. Its intrinsic character is therefore an illusion. There is an 
unfortunate coincidence between a methodology, conventional and unquestionable, 
and a geometric shape, which would probably produce unacceptable results in the 2D 
approach if they were not so close to the results of the other approaches and to the 
geologists’ layout. 

From a simple exercise, this problem of predicting the elevation of the El Teniente di- 
atreme surface has become an international challenge. After obtaining from Codelco 
the authorization to provide the 2D data set to anyone who wants to practice it, it 
has passed from hand to hand and led to several publications, such as the ones of 
Francky Fouedjio (2016) and Fouedjio and Séguret (2016) where nonstationary co- 
variance models and spatial deformation techniques are tested. For his part, Arman 
Melkumyan (2015) is the author of a remarkable work in which the elevation of the 
diatreme surface is represented in a cylindrical coordinate system, ‘deployed’ and peri- 
odized to ensure continuity in the passage from 360° to 0° (Figure 1.6). The advantage 
is that, at a fixed radius, stationarity in the angular space makes it possible to use the 
simplifications of stationary geostatistics. 

Various other approaches can be considered, such as a 2D kriging of the elevation of 
the diatreme surface including a quadratic drift in the x—y coordinates, so as to reflect 
the circular shape in the horizontal plane. 


1.2 Porphyry copper deposit Ministro Hales 


Let us continue with the indicators of random sets and increase their number in order 
to point to the geological facies that characterize porphyry copper deposits, in which 
hydrothermal fluids carry metals (such as copper, silver or gold) in solution to the 
surface through channels of permeability in the host rock, associated with the poros- 
ity of the rock and with its discontinuities (cracks, fractures or faults) (Sillitoe, 1998). 
We leave the Rancagua region and go 2,000 km to the north, in the Atacama De- 
sert, the place of the largest open-pit mines in the world: the legendary Chuquicamata 
mine, opened in 1882, and its satellites: Radomiro Tomic (in operation since 1997) and 
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Figure 1.6 Passage to cylindrical coordinates; (a) principle of the cylindrical coordi- 
nates; (b) the known surface elevations are centered around an approxi- 
mately vertical axis of revolution; (c) data represented in the cylindrical 
system; (d) the same representation after a periodization that guarantees 
continuity between 360° and 0°. (Credit: Arman Melkumyan.) 


Ministro Hales, more prosaically called ‘MM’, then ‘MMH’ (in operation since 2010), 
which is studied in the following. 

On their rise, hydrothermal fluids are, in the MMH deposit, guided by a fault in the 
east — the ‘MM Fault’ or ‘West Fault’ of the Domeyko fault system — mainly vertical 
and north-south oriented (Figure 1.7a), which induces the spatial organization of the 
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Figure 1.7 Ministro Hales. (a) Scheme of the study area and its fault in the east (‘MM 
Fault’); (b) west—east vertical schematic geological section that represents 
the different facies. (Credit: Pedro Carrasco.) 


four facies considered in this study, the names of which are those used by the geolo- 
gists of the company: 


e  Breccias: highly mineralized breccias of significant economic value, with varia- 
ble thickness, substantially continuous along the north-south and vertical axes 
(Figure 1.7b). Their average copper grade is 0.9%. 

e CS: halo of mineralization surrounding the breccias, of lesser economic value 
(average copper grade 0.5%). 

e CI: residual mineralization of negligible value, with an average copper grade of 
0.1%, much lower than the economic cutoff 0.4%. 

e Waste: the host rock in which the metals did not diffuse. 


The objective was to question a geological model that, presumably, was giving too 
much spatial continuity to the mineralized breccias, drawn by hand by joining the 
known values in the drill holes and, for this purpose, assigning them some uncertainty 
by using geostatistical simulations. At that time (2003), the mining industry did not 
have reliable tool to simulate facies, unlike the oil industry for which, for almost fifteen 
years, the geostatistical team at Mines ParisTech in Fontainebleau, France (at this 
time, Paris School of Mines), developed the so-called ‘truncated Gaussian’ method to 
simulate petrophysical facies (Matheron et al., 1987; Armstrong et al., 2003). A team of 
three Chilean geologists arrived in France (Pedro Carrasco, his son Pablo and Felipe 
Ibarra), who, along with us and with Gaélle Le Loc’h and Francois Geffroy, but also 
from Mines ParisTech, were locked up one week in an office to develop what was one 
of the very first mining applications of this method worldwide. 
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The method requires specifying several parameters: 


e a truncation rule, represented by a two-dimensional or a multidimensional flag, 
which determines the mutual disposition of the facies and the possible contacts 
between them; 

e areference system for calculating correlation distances; 

e proportion curves that indicate the evolution of the proportion of each facies in 
space or, more simply, along one direction, often the vertical; 

e direct and cross-variograms of the facies indicators. 


The truncation rule is indispensable due to the truncation inherent to the method 
(Beucher et al., 1993). In this study, the rule is imposed by the nature of the miner- 
alization: in the center is the breccia, whose mineralization diffuses in C5, a little in 
Cl, and then stops in the waste. Consequently, the order between facies is given by 
the sequence breccias—C5S—Cl-waste, which, in particular, prohibits a direct contact 
between waste and C5 or between breccias and Cl. The evidence of this sequence has 
been a guide toward this method. 

Determining the reference system of the calculations posed a problem: the method 
was constructed to model sedimentary oil reservoirs, where the vertical direction of 
sedimentation plays a privileged role in relation to the horizontal, but this is not the 
case here. Although the solution may seem immediate today, it took us some time 
before, at the end of the afternoon of the first day, we rotated the computer screen 90° 
to the right, a screen that is horizontally shown in Figure 1.7b. Victory! The vertical 
became the east-west direction; there was no longer need to talk of VPC (vertical 
proportion curves) but of E-WPC. As for the mining equivalent of the stratigraphic 
horizon from which the proportion curves and variograms are calculated, the digi- 
tized surface of the MM Fault is considered for a moment, before the mean plane of 
the fault is finally adopted, as a vertical plane oriented from north to south (Carrasco 
et al., 2005, 2007). 

To model the proportion curves, it is necessary to gradually move from a single 
curve (Figure 1.8a) to one curve for each node of the simulated grid, by interpolating 
the local curves of Figure 1.8b to obtain a result of which Figure 1.8c is a sample. 
These E-W proportion curves, or the same smoothed curves so as to avoid too large 
variations of the facies proportions at a small scale, condition the calculation of the 
direct and cross-variograms of the facies indicators, through the truncation pro- 
cess. The fitting of the resulting variograms was considered satisfactory at that time 
(Figure 1.9). 


1.2.1 Discussion 


Compared with Figure 1.7b (hand-drawn layout of the mine geologists), the simula- 
tions in Figure 1.10 show a lower continuity of the breccias along the north-south di- 
rection, while reproducing the important west—east variability as it is observed in the 
field. These images of the deposit are not considered more accurate than those given 
by the geologists but constitute an alternative that allows them to become aware of the 
tendency, common among modelers, to draw geological objects more continuous than 
they really are. 
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Figure 1.8 Proportion curves. (a) East-west global proportions curve that points up 
two geological domains; (b) east-west local proportions curves to inter- 
polate at any node targeted for simulation. The lines represent projected 
drill holes; (c) examples of interpolated east-west proportions curves. 


The real gain of this pioneering work was not so much its results as the information 
collected during the modeling process, and this is a constant throughout this book. In 
this particular case, it is about the west—east global proportions curves. The dotted 
line in Figure 1.8a shows a break separating the deposit into two different domains 
from metallurgical and mining points of view. The western domain contains less C5 


0.00 & ~~ 
100 200 100 


Distance (m) Distance (m) Distance (m) 


(a) (b) (c) 


Figure 1.9 Facies indicator variograms. Thick lines: experimental variograms; thin 
lines: modeled variograms, alongthe vertical, (b) north—southand (c) east-west 
directions. 
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Figure 1.10 Example of facies simulation obtained by the truncated Gaussian method. 
(a) West—east vertical section; (b) horizontal section. 


(rich ore) and more C1 (poor ore) than the eastern domain, in which the proportion 
of breccias decreases rapidly, while remaining constant in the western domain. There- 
fore, there is a north-south subvertical limit that, when crossed, will force operators 
to modify the parameters of the mineral flotation process. 

Let us talk about flotation. In this mineral concentration method, the pulp that 
results from several stages of ore size reduction by crushing and grinding is stirred 
in cells. The stirring device also injects gas bubbles (see Section 7.1) that make the 
particles of the minerals of interest rise to the surface, more easily when they are re- 
leased from their gangue, which is guaranteed if the grinding time is sufficiently long 
(Fuerstenau et al., 2007). However, this grinding time, the main factor in terms of 
processing cost, depends on the nature, texture and alteration of the rock containing 
the minerals. It is not the same for the breccias, C5 or Cl facies, of which the processed 
ore is a mixture. In mine planning and mineral processing, the boundary indicated in 
Figure 1.8a is a strong signal of what geometallurgists had expected, something that 
this study allowed to show and quantify. Subsequently, Codelco requested that a study 
of the spatial variations of the facies proportions in this deposit be made in order to 
map this boundary, a work that appears in confidential reports that could one day be 
made public (Beucher et al., 2008; Séguret et al., 2009). 
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Figure l.ll Flags representing the truncation rules of the method. On the left, the 
flag used initially; on the right, the model with two underlying Gaussian 
random fields. (Credit: Rodrigo Riquelme.) 


1.2.2 Perspectives 


The perspectives of this work were multiple from a practical point of view. First, in 
2008, a Chilean student of Mines ParisTech, Rodrigo Riquelme, improved the trun- 
cated Gaussian modeling by introducing a second Gaussian random field in order to 
allow contacts between breccias and Cl, contacts that were not possible in the initial 
model and that the incorporation of new data made compulsory (Figure 1.11). 

Rodrigo used these ‘plurigaussian’ simulations to quantify the uncertainty of the 
first five years of production (Riquelme et al., 2008). Lately, numerous other applica- 
tions of plurigaussian simulations have been carried out in a wide variety of deposit 
types: diamonds, uranium, nickel, gold, lead, zinc, copper and iron (Deraisme and 
Field, 2006; Fontaine and Beucher, 2006; Rondon, 2009; Yunsel and Ersoy, 2011, 2013; 
Talebi et al., 2014; Maleki et al., 2016). An example will be presented in the next sec- 
tion. These facies simulations sometimes incorporate the problem of modeling the 
grades (Emery and Gonzalez, 2007; Maleki and Emery, 2015, 2017; Talebi et al., 2016; 
Mery et al., 2017), which will be discussed in the next chapter. 

Recent applications also emerged in the field of geotechnics applied to porphyry 
deposits, where it is of interest to simulate ‘geotechnical units’ instead of geological 
facies, a work contained in a confidential report (Séguret et al., 2016). A geotechnical 
unit responds to geological and geotechnical criteria, such as the quality of the rock. 
The use of simulations in this context aims at modeling the uncertainty in regionalized 
risk factors that are of vital importance for the design of open or underground works. 
The chapter dedicated to geotechnics will analyze this topic in greater detail. 


1.3 Rio Blanco-Los Bronces porphyry copper deposit 


We will have traveled a lot in this book: in the space of geostatistical methods, in time 
through works done for more than fifteen years, and in the geographical space since 
we will not stop traveling Chile from north to south. We leave the Atacama Desert to 
return to central Chile with a more favorable climate. Operated since 1970, Rio Blan- 
co-Los Bronces is another mega porphyry copper deposit located in the Andes moun- 
tains, 80 km northeast of Santiago (Serrano et al., 1996; Vargas et al., 1999; Skewes 
et al., 2003). Currently (2020), the deposit is exploited by open-pit and underground 
mines operated by the public company Codelco (Andina Division) and the private 
company AngloAmerican. 
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Here, the analysis will focus on the portion of the deposit mined by Codelco-Andina, 
whose geological modeling considers more than 40 rock types that can be grouped 
into seven main facies. Ordered from the oldest (Upper Cretaceous) to the most recent 
(Miocene-Pliocene), these are as follows: 


e andesite (AND) 

e — granitoids (GD) 

* tourmaline breccia (TOB) 

e monolithic breccia (MOB) 

* magmatic breccia (MAB) 

* porphyry (POR) 

e pipe or volcanic chimney-type structure (PIP). 


Based on data from several tens of thousands of exploration drill-hole samples 
(Figure 1.12a), a model has been constructed that provides an interpretation of the 
geometry of the different facies in blocks of dimensions 15x 15x16 m? (Figure 1.12b). 
Once again, the geologists responsible for resource evaluation would like to know the 
uncertainty associated with their interpretation. 

The chronology of the facies is a guide toward a plurigaussian model based on six 
random Gaussian fields Y;,... Yẹ and six truncation thresholds yj,... y6. Once trun- 
cated, the first random field defines the volcanic pipe (PIP). In the complement, the 
second random field defines the porphyry (POR)... and so on until the sixth random 
field that separates the space not covered by the other facies between the granitoids 
(GD) and the andesite (AND). This hierarchical modeling allows that a more recent 
rock (for example, PIP) cross-cuts an older rock. The opposite is not allowed. 

The facies data are converted into the indicators of the Gaussian random fields to 
be truncated (Table 1.1). Variogram analysis of the indicators is then performed, iden- 
tifying the N20°W, N70°E and vertical directions as the main anisotropy directions. 
Instead of fitting the indicator variograms, which turns out to be laborious, it was cho- 
sen to previously transform them into variograms of the associated random Gaussian 
fields, by inverting the formula that gives the variogram of a truncated Gaussian field 
as a function of the variogram of this Gaussian field. The reader will find this key 
formula, for example, in the book by Chilés and Delfiner (2012). The fitting therefore 
reduces to modeling six variograms with a unit sill (Figure 1.13). 

To finalize the specification of the model, it remains to define the truncation thresh- 
olds yj,... vo. As in the case of the Ministro Hales deposit, the hypothesis of station- 
arity of the facies is weakened by assuming that these thresholds, and therefore the 
proportions of the facies, vary in space. In the absence of such a hypothetical reference 
direction, the interpreted geological model of Figure 1.12b is used. The calculation of 
the local facies proportions is made from this model. This approach is similar to that 
used in oil reservoir modeling (Armstrong et al., 2011), except that here a complete geo- 
logical model replaces the drill-hole data, avoiding the need to interpolate the propor- 
tions found in sectors located between drill holes. A moving parallelepiped window of 
dimensions 135x 135x 144 m° corresponding to a volume of 9x9 x9 blocks is defined to 
calculate local facies proportions that continuously evolve in space. 

Here again, the plurigaussian simulations (Figure 1.12c—f) illustrate the spatial var- 
iability of the facies and their fluctuations around the interpreted geological model. 
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Figure 1.12 (a) Codelco-Andina exploration drill holes; (b) interpreted geological 
model at elevation 3,348 m, (c)—(f) four conditional facies simulations. 
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Table I.I Facies coding into indicators of random Gaussian fields 


Facies Yı < yı? Y2 < y2? Y3 < y3? Y4 < y4? Ys < y5? Ye < Yo? 


PIP l N/A N/A N/A N/A N/A 
POR 0 l N/A N/A N/A N/A 
MAB 0 0 | N/A N/A N/A 
MOB 0 0 0 l N/A N/A 
TOB 0 0 0 0 I N/A 
GD 0 0 0 0 0 l 

AND 0 0 0 0 0 0 


Each indicator has three possible states: undefined (N/A) when the Gaussian random field does not 
intervene in the definition of the facies, | or 0 otherwise. 

AND, andesite; GD, granitoids; MAB, magmatic breccia; MOB, monolithic breccia; PIP, pipe or 
volcanic chimney-type structure; POR, porphyry; TOB, tourmaline breccia. 


Each simulation reproduces the conditioning data, the local facies proportions, the 
geological continuity reflected in the fitted variograms and the chronological rela- 
tionships between facies. The volcanic pipe cross-cuts the other facies, whereas the 
andesite — the oldest facies — does not cross-cut any other facies. 

Each simulation is a potential geological model. The set of simulations no longer 
induces a single deterministic geological model (Figure 1.12b), but a probabilistic 
model that delivers, for each block, the probability of finding one or another facies 
(Figure 1.14). In this study, the geological uncertainty is low in the sectors asso- 
ciated with a high probability for some facies, indicating that it is almost certain 
to find this facies. The transition from the probabilistic model to a determinis- 
tic model is still possible, for example, by considering the most probable facies in 
each block. 


1.3.1 Discussion 


A critical factor in the implementation of the model is the size of the moving win- 
dow used to calculate the local facies proportions. A too small window implies that 
the local proportions in any block are close to 1 or 0, depending on whether the 
interpreted block corresponds or not to the facies under consideration, and all the 
simulations become almost identical to the model interpreted by the geologists. Con- 
versely, a too large window produces facies proportions equal to the global propor- 
tions in the sector covered by the block model, and in this case, the spatial variations 
in the proportions disappear: the model is reduced to a stationary plurigaussian 
model that gives each facies a constant probability of occurrence in space, which 
is not very satisfactory due to the facies zoning (volcanic pipe to the northern sec- 
tor, granitoids in the northeast and southwest sectors, porphyry in the central-south 
sector, etc.). In a way, the size of the moving window quantifies the confidence given 
to the geologists’ interpretation. Cross-validation exercises can be performed to fa- 
cilitate the selection of this window and to reduce its somewhat arbitrary character 
(Madani and Emery, 2015). 
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Figure 1.13 Experimental (crosses) and modeled (continuous lines) variograms of the 
Gaussian random fields to be truncated, along the N20°W, N70°E and 
vertical directions. The modeled variograms are constructed from nested 
cubic models with geometric anisotropies. 


An alternative to the use of local facies proportions is to model the nonstationarity 
of the facies through the random fields to be truncated. Madani and Emery (2017) 
show encouraging results by replacing stationary Gaussian random fields with intrin- 
sic random fields of order & with generalized Gaussian increments, the realizations of 
which exhibit spatial trends or ‘drifts’ (see Section A.2.7 in Appendix). 
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Figure 1.14 Probabilities of occurrence of the four main facies (PIP, POR, TOB, GD), 
calculated from 100 conditional simulations, for the horizontal section 
of elevation 3,348 m. GD, granitoids; PIP, pipe or volcanic chimney-type 
structure; POR, porphyry; TOB, tourmaline breccia. 


A final comment refers to the preferential nature of the drill-hole sampling, where 
the low-grade copper facies — volcanic pipe, porphyry and granitoids — are clearly 
undersampled (Figure 1.12a). This problem of preferential sampling will be discussed 
in Chapter 8. 
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The representation of facies by indicator functions is the first step to solve a broader prob- 
lem, the construction of a ‘block model’, that is, the decomposition of a mineral deposit, of 
several km’, into three-dimensional blocks with dimensions typically between 5 and 20 m 
on each side (but sometimes smaller or larger). For each block, the grades of elements of 
interest are predicted or simulated, as well as other features relevant to the extraction or 
processing of the deposit. This block model will accompany the mining operation from 
the beginning to the end of its life. It will be, or should be, often modified according to 
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the new information acquired during exploration or production and will condition all 
planning operations and sizing of works. In a certain way, it represents the direction that 
a gigantic boat will follow, whose route will be difficult to turn later due to its inertia. 

The following sections present two examples of block models made for the Radomiro 
Tomic (northern Chile) and Rio Blanco-Los Bronces (central Chile) porphyry copper 
deposits. The focus is on geostatistical modeling pertaining to the study and incorpora- 
tion of the spatial dependence relationships between copper grades and geological facies. 
In the first example, the formalism of partial grades makes it possible to highlight the 
absence of edge effects between facies and grades, a property that leads to an original 
method for predicting the grades. In the second example, the modeling leads to the con- 
struction of conditional simulations that reproduce the geological variability, by combin- 
ing (1) a hierarchical approach in which the geometry of a facies is simulated before its 
grades in the case where there are no edge effects and (2) a joint approach in which facies 
and grades are simultaneously simulated, in the case that there are edge effects. 

Therefore, this chapter presents the duality between prediction and simulation prized 
by geostatisticians on a fundamental mining issue: the construction of a block model 
that incorporates geology and grades. 


2.1 Edge effects and partial grades 


The following work refers to the creation of block models, an exciting task for several 
reasons, including that it allows to fully exercise an important aspect of the role of the 
geostatistician, which is the role of observer. Our discipline is applied to many fields, 
and each time it is necessary to empathize with the application domain to understand 
what is being done; otherwise, the geostatistical calculations may not lead to anything 
significant or meaningful since the objective, the chosen mathematical means and the 
interpretation of the results are critical elements. 

Here, we draw on our observations of the practices of the geologists of Codelco 
and other mining companies. Geological facies are modeled first by hand or by using 
graphic tools (as mentioned in Chapter 1), using objects that are probably too continu- 
ous, and then the metal grades are predicted within each facies. This approach results 
from certain choices, whether conscious or not, explicit or not, such as an implicit 
hypothesis of independence between the boundary of a facies and the spatial behavior 
of the grades within this facies. Above all, we have observed that this method produces 
predictions that are consistent with the production data. 

Hence, the approach taken by the geostatistician was to first understand why this 
practice, based on decades of experience, was working so well. By modeling this prac- 
tice with the formalism of regionalized variables (Matheron, 1965a, 1971), it may be 
possible to improve it and to perhaps foresee when it might not work so well. This was 
the objective, an omnipresent line of conduct in this book. 

This role of observer in the problem of grades classified by facies led us to examine 
closely one of the basic concepts of geostatistics, the search for the ‘service variable’, the 
modeling of which can allow the achievement of our objectives. It was about matching 
the data (of two types, copper grades and facies) to the geostatistical tools, with as few 
assumptions as possible; in this case, the ones required by ordinary cokriging: the intrin- 
sic stationarity of the random fields associated with the coregionalized variables. The 
service variable that emerged is the product of a categorical variable (the facies indicator) 
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by a quantitative variable (the grade), as in any bivariate approach. To study the joint 
behavior of two quantities, the analysis of their average product is often carried out, ei- 
ther statistically through the correlation coefficient or geostatistically through the covar- 
iance function or its intrinsic equivalent, the variogram, which measures the correlation 
between two samples depending on the vector that separates them in the geographical 
space. This product of a grade by an indicator function will be called a ‘partial grade’, a 
name coined by Jean-Paul Chilés, one of whose many qualities is to find the right word. 

Once the service variable was defined (or rather, discovered), it remained to un- 
roll a modeling that imposed itself in a natural way. Following the original work of 
Jacques Rivoirard (1989, 1994), the averages, variances, direct and cross-variograms of 
the partial grades have a probabilistic interpretation and directly lead to the concept 
of ‘edge effect’ or ‘border effect’. Its application in several Chilean copper deposits, 
as well as in a Peruvian zinc deposit and an Australian iron deposit, shows that, quite 
often, these deposits exhibit a simple statistical property that can greatly simplify the 
construction of the block model. 

The previous statements are now demonstrated by summarizing a work that ex- 
tended over four years, presented in two conferences (one of mining in Chile and an- 
other of geostatistics in Norway) and three publications (Séguret, 2011a, 2013; Séguret 
et al., 2012). We stay in northern Chile, where the partial grade approach was applied 
to three deposits: 


e Ministro Hales (introduced in the previous chapter); 

e ‘underground Chuqui’, the fabulous resource development project under the current 
Chuquicamata open-pit mine (Figure 2.1) whose operation is coming to an end; 

e Radomiro Tomic, on which the following demonstration will be based. This de- 
posit is currently in operation, and accurate measurements of the blast-hole cop- 
per grades have been taken, allowing predictions to be compared with reality. 


Figure 2.1 Chuquicamata in July 2018. Open-pit mine in northern Chile, 4 km long, 
2 km wide, | km deep. 
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2.1.1 Usual practice 


The deposit being divided into parallelepiped blocks, the random field associated with 
the average metal grade (that is, mass concentration) contained in a block Vis denoted 
as Z(V). The geology is codified by one of n units (facies) at each location x of the de- 
posit where a measurement of the grade Z(x) is available, which is assumed to be at a 
‘point’ support (that is, an infinitely small support). 

Geologists consider, on the one hand, the volumetric proportions of the facies and, 
on the other hand, the grades or mass concentrations. This requires splitting the aver- 
age block grade as follows: 


ZV)= > 7 Yaz (vi), (2.1) 


an expression in which v; is the volume of the part of V associated with the ith unit, 
Q(v) is the corresponding metal quantity, p is the rock density or specific gravity (for 
sake of simplification, it will be assumed to be identical for all the units), p; is the volu- 
metric proportion of the ith unit in Vand Z(v) is the average grade of v;. 

The prediction of Z(V) is made by separately predicting p; and Z(v,) and recombin- 
ing the predictions, here symbolized by the * and ^ signs: 


Z*(V)= Leal (vi). 2.2) 


The proportion p; is usually derived from a hand-drawn shape or through the use of 
software. The geological objects thus produced are intersected with the parallelepiped 
rectangle V to define the volume v;. As for the grade Z(y,), it is predicted by kriging the 
block-support grade Z(V) using only the grade data belonging to unit i, whose number 
varies from one unit to another. 


2.1.2 Critical analysis 


Formula (2.2) is a sum of predictions that does not guarantee the optimality of the 
result, unless the terms of the sum are in ‘intrinsic correlation’ (Wackernagel, 2003). 
Assuming that a cokriging of the summands is used, which would be an improvement 
to guarantee the consistency of the operations, the number of samples used from one 
unit to another should be the same, which is often not the case. The units are not 
evenly distributed everywhere. 

On the other hand, each term of the sum (2.2) is a product, the optimality of which 
is not guaranteed either, even if the terms of the product are spatially independent. 

As a last observation, formula (2.1) is complex. Is it really useful to introduce the 
proportions p;? Why separate p; from Z(v;)? What does the product p; Z(v;) repre- 
sent? Let us show that this product is the integral, over the support of block V, of 
the partial grade associated with unit i, the famous ‘service variable’ that we now 
introduce. 
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2.1.3 Reformulation 


Let us start by defining the n indicator functions 1,(x): 


1 if x €ith unit 


Vx LW) =| 9 otherwise eo) 
Every point x in space belongs to a single unit: 
n 
vx, X L(x) =1, (2.4) 
i=l 


a fundamental property on which the following relies. Multiplying Eq. (2.4) by the 
point-support grade Z(x), one obtains 


Yx, Z= ZS L= $ Z i) =} Zo), (2.5) 
i=l i=l i=l 


with Z,(x), the partial grade associated with unit i, defined by 
Vx, Z;(x) = Z(x) 1;(x). (2.6) 


More generally, the total grade is split into a basis of indicators, whatever the volume V: 


ZV) => ZV) (2.7) 
i=l 
with 
Z(V)= ae Z(x) dx. (2.8) 


Assuming that the grade Z(x) and the indicators of the different units are jointly sta- 
tionary random fields, the partial grades so defined, either on a point support (Eq. 2.6) 
or on a block support (Eq. 2.8), will also be jointly stationary random fields. Their spa- 
tial structure incorporates both the structure of the grade and that of the indicators, 
something similar to what happens in the formalism of transitive geostatistics when 
defining the transitive covariogram of a regionalized variable in a bounded domain 
(Matheron, 1965a, 1971). 

The comparison between Eqs. (2.7) and (2.1) shows that the product p; Z(v) is noth- 
ing else than the integral over V of the partial grade associated with unit 7. It is not 
useful to separate the terms of the product p; Z(v); its direct prediction by cokriging 
(CK) will ensure the optimality of the sum: 


ZV)K = zao (2.9) 
i=] 
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Formula (2.7) leads the problem to an ‘isotopic’ situation, which is a common 
concept in geostatistics: at each measurement point, the n partial grades are always 
known simultaneously. In practice, cokriging is carried out with the n partial grades, 
and with n — | unit indicators if they are spatially correlated with the partial grades. 
Looking for a simplification, it is also useful to calculate the cross-variogram Y;z, 
between the indicator and the partial grade of unit i, divided by the indicator direct 
variogram y;. Under a hypothesis of spatial symmetry (Séguret, 2013), this quotient 
reflects the average behavior of the grade when, from the outside of the unit, one 
proceeds to move inside: 


ViZj (h) 
yi(h) 


the famous ‘edge effect’ (Rivoirard, 1994). It should be noted that it is possible to get 
rid of the spatial symmetry hypothesis, by substituting noncentered covariances for 
the direct and cross-variograms, which would allow to detect a directional edge effect 
(expectation of Z(x + h) when x + h € iand x ¢ i different from the expectation of Z(x) 
when x +h €iand x € i). 

If the quotient (2.10) does not depend on the separation vector h, the following no- 
table property arises: 


= E{Z(xt+h)|x+hei,x¢€i}, (2.10) 


Z(x) = mil;(x)+ R(x), (2.11) 


with m,; the global average of the grades belonging to unit i. This equation expresses 
the partial grade as a linear combination of the indicator 1; with a residual R; that is 
spatially uncorrelated with this indicator. 

If, in addition, all the residuals do not present any spatial cross-correlation and are 
spatially uncorrelated with the indicators of the different units, then the following 
simplification takes place: 


ZVE = YF yl VIK + RV |, (2.12) 
j=] 


where 1({V) and RV) represent the average values of 1x) and R(x) over block V, 
while the abbreviations K and CK placed in superscript stand for kriging and cokrig- 
ing, respectively. 

Cokriging each partial grade then reduces to cokriging n — | indicators and sep- 
arately kriging the residuals. The calculations are accurate and do not suffer from 
nonoptimal approximations as for Eq. (2.2). The property (2.11) also explains why the 
usual practice of contouring the geological units before calculating the grades in each 
unit does not give bad results, insofar as it establishes the absence of edge effects and, 
consequently, the independence between the categorical variable (the spatial layout of 
the geological unit) and the behavior of the grades within the unit. This formula also 
states that, as a first approximation, it is sufficient to assign, to each unit so delineated, 
the global average grade associated with this unit, a procedure that will not produce 
any bias. At worst, the precision, quantified by the prediction error variance, will not 
be very good. 
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This property also allows obtaining a procedure for simulating the grades by taking 
into account the specificity of the geological units or facies. For the facies and their 
indicators, it has been seen in the previous chapter that the truncated Gaussian (TG) 
or the plurigaussian (PG) method is appropriate. For the residuals, a simulation of 
a transformed Gaussian random field is possible, for example, by the turning-bands 
(TB) algorithm (Matheron, 1973; Emery and Lantuéjoul, 2006). One then has: 


Z(vysimu _ Xfm mae +R; (ye? | (2.13) 
i=l 


This amounts to simulating the partial grade Z; (with a deterministic mean m); and a 
random residual R, in the simulated facies associated with this partial grade. Such a 
hierarchical method is often used when simulating facies and grades. 

The property (2.11) has been verified in a Peruvian zinc deposit (Candelario, 2010), 
as well as in the Ministro Hales and underground Chuquicamata deposits. Next, it is 
shown that it is also true for Radomiro Tomic. 


2.1.4 Application: Radomiro Tomic 


We describe here a study completed by the authors using about 25,000 drill-hole sam- 
ples of length 3 m, with information on the copper grade and a classification among 
one of the following four facies: veins (equivalent to the previous MMH breccias, very 
rich), C5 (rich), C2 (equivalent to the previous Cl, not very rich) and waste. The miner- 
alized facies are present throughout the entire domain under study. 

When distinguishing by facies (Figure 2.2), the copper grades range from the poor- 
est (waste, average grade 0.16%) to the richest (veins, average 1.33%). The range of 
values is small, with an average of 0.36% for C2 and 0.67% for C5. These differences 
are important for the project economics, given the size of the deposit (several km*), but 
numerically, the various averages fluctuate in a small range compared, for example, 
with Peruvian zinc deposits (where grades could be multiplied by a factor 10) or iron 
deposits in Brazil or Australia whose grades reach up to 70%. The histograms in Fig- 
ure 2.2 further show that the facies share fairly wide ranges of grades. The facies are 
not determined by the grades and constitute genuine information, complementary to 
the grade information. 

The evaluation of the edge effects (Eq. 2.10) indicates a total absence of these effects 
for three facies and a not very significant variation for the veins: the average grade in- 
creases by less than 0.1% between the edge and the center of the veins, a variation that 
does not justify complicating the calculations (Figure 2.3). 

Here again, although in general such variations are important, it is worth remem- 
bering that cokriging will be used with a moving neighborhood, at a scale of ap- 
proximately 100 m, and it should be determined whether the cokriging system can 
be simplified. Such a simplification is possible here, the property (2.11) applies and 
cokriging four partial grades with three out of the four indicators reduces to cokriging 
the indicators and kriging the residuals (Eq. 2.12). Beforehand, it is verified that the 
residuals have no spatial cross-correlation and are also spatially uncorrelated with the 
indicators of the different units. 
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Figure 2.2 Histograms of copper grades by facies. 


Production data, in the form of blast-hole measurements, are available in a part of 
the domain under study that has been in operation for several years. These blast holes 
can be considered as representing the reality because they are in a five times finer mesh 
than the drill-hole samples and are located in and around each block. Determining 
the destination of the blasted material — to the processing plant or waste dump — is de- 
cided on the basis of an ultimate prediction using the blast-hole measurements. These 
measurements differ from the diamond drill-hole samples — the question arises about 
the consistency of their grades with those measured on drill holes; this question is the 
subject of Chapter 5, with a favorable conclusion for the blast holes. For now, we follow 
the mining geologists in their almost universal practice: consider the blast holes as a ref- 
erence information and the prediction of the block grade based on them as the ‘reality’. 

When the values obtained by cokriging the partial grades are compared with the 
reality, the correlation is 0.69 (Figure 2.4c), significantly better than 0.63 of the model 
constructed by the geologists (Figure 2.4b), due to a group of high grades underes- 
timated by the geologists but better predicted in the case of cokriging. Apparently, 
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Figure 2.3 Edge effects. For each facies, the cross-variogram between the indicator 
and the partial grade divided by the indicator direct variogram is repre- 
sented. This ratio indicates the presence or absence of an edge effect. 
When a horizontal line is obtained, there is no dependence relationship 
between the expected grade at an interior point of the facies and the 
distance that separates this point from the facies boundary. This is the 
case here of three facies, the fourth one (veins) being the only one that 
has a weak edge effect (less than 0.1% enrichment between the edge and 
the center). 


the geologists’ interpretation was conservative and included some isolated pieces of 
very rich facies inside poorer facies, whereas the geostatistical approach assigns each 
data a weight that depends on its distance to the block targeted for prediction. The 
correlation between the two approaches is surprisingly low, less than 0.7 (Figure 2.4a). 
Figure 2.4d represents a 3D scatter plot between the two approaches and the true 
grades, which are somewhere between the two predictions. 

In what do these two methods really differ? The property (2.11) shows that, in re- 
lation to a possible bias, the decisive step is the delineation of the facies. On the one 
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Figure 2.4 Predictions and reality. (a) Scatter plot between the grades predicted by 
the geologists and by cokriging the partial grades. (b) Scatter plot between 
the grades predicted by the geologists and the true grades deduced 
from the blast holes. (c) Scatter plot between the grades predicted by 
cokriging the partial grades and the true grades deduced from the blast 
holes. (d) 3D scatter plot between the predictions with two methods 
and the true blast-hole grades. The partial grades method gives better 
results. Its implementation takes two weeks, whereas the geological 
model occupies three geologists for more than one year. 


hand, they are drawn by hand by geologists who introduce their interpretation and 
knowledge of the geological processes; on the other hand, the facies result from an 
indicator cokriging that only aims at unbiasedness and optimality. One method repre- 
sents knowledge, while the other one represents objectivity. In the end, both methods 
seem indispensable, which is the true conclusion: one must combine the geostatistical 
quantification of uncertainty with geological knowledge. For example, in the resource 
classification stage that aims at giving a prediction reliability index for each block 
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Figure 2.5 ‘Manual’ geology and geostatistics (I of 2). Scatter plot between the grades 
predicted by the geologists and by cokriging the partial grades. The ellipse 
delimits the envelope within which the two methods can be considered as 
convergent and where the grade prediction can be classified as having a 
reasonable or significant confidence in the block model. 


(see Section 4.5 in Chapter 4), we recommend delineating the areas of ‘methodological 
convergence’ using schemes such as the one suggested in Figure 2.5: within the ellipse 
(or any other envelope defined, for example, by one standard deviation around the 
diagonal line), the block prediction is deemed reliable; outside, it is considered as geo- 
logically ‘inferred’, the difference being due to the geological knowledge. 

Another recommendation concerns facies contouring: currently, graphic computer 
programs that contain almost automatic geostatistical algorithms are used, leaving 
little room for a fine-tuning of crucial parameters such as the variograms, parameters 
for which many operators have not been trained. Given the good results obtained 
here, it would undoubtedly be useful to integrate into the workflow the results of an 
indicator kriging as background images, in order to validate the spatial continuity of 
the structures identified in the drill holes (Figure 2.6). 


2.1.5 Discussion and perspectives 


The construction of a block model by cokriging the partial grades in the Radomiro 
Tomic deposit has demonstrated the main potential of the partial grades method: it 
complements the geologists’ approach, and two examples have been given to show how 
the two approaches can be combined. 

In contrast, in the underground Chuquicamata project, which also exhibits the 
property (2.11), the partial grades approach was compared with a ‘blind’ kriging that 
ignores the facies, and it was found, by cross-validation based on 10% of the meas- 
urements, that the differences were not significant. Three reasons explain this result: 


e On average, the facies grades are not sufficiently different. 
e The ranges of the indicator residual variograms are similar to the ranges of the 
indicator variograms, which induces a kind of redundancy in the model. 
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Figure 2.6 ‘Manual’ geology and geostatistics (2 of 2). The geologists’ layout could 
be guided by geostatistics. (a) Initial data, facies in black. (b) Two objects 
or (c) a single object? (d) Map of the probability of being in the facies 
obtained by cokriging the facies indicators. The dotted contour represents 
the probability 0.5. Here, the two contours do not touch; the probability 
of a union between the two objects is low. 


e At the scale of the cokriging moving neighborhood, only two or three of the eight 
facies of the underground project are present, as the facies are grouped into large 
geographical zones (Figure 2.7a). 


Similar synthetic deposits were simulated with more contrasted grades, reproducing 
the behavior of the facies. Focusing on zones where many facies are simultaneously 
present at the scale of the production blocks, it is possible to show that the results are a 
little better, but not by much (Séguret, 2013). The main reason is conceptual: cokriging 
allows the joint use of different types of measurements, and the practice demonstrates 
that it is more effective when it involves measurements known at different locations 
(‘hererotopic’ situation). But here, the cokriging of partial grades is ‘isotopic’ and does 
not allow to integrate in the system any new spatial positions with a measurement of 
either a primary or a secondary variable. The improvement is only due to the model, 
not to the spatial sampling, which reduces the efficiency of cokriging. 
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Figure 2.7 Underground Chuquicamata project. Horizontal projections of the 
samples: (a) All the data. (b) Only 10%, enough to show the large geological 
structures. The study is interested in eight facies numbered between 301 
and 3,092. 


The benefit of this work is not so much in the results of the prediction obtained, 
as in the properties discovered throughout the modeling, being in the first place the 
property (2.11) of independence between the facies contours and the grades within 
the facies, which leads to a new problem in geostatistics that could be the subject of a 
doctoral study. Let us look at Figure 2.7a and b. 

In both cases, the main geological structures drawn by the facies are clear, although 
the figure on the right contains less than 10% of the samples in the figure on the left, 
which raises the question: why have so many samples been taken, knowing that 
a meter of drilling costs several hundred dollars? The answer is that the successive 
drilling campaigns of this project are oriented toward the increasingly fine recogni- 
tion of the grades by volume, and there is always a need for more drilling to capture 
mineralized facies that vary in size from several meters to the thickness of a hair. 
However, the previous study shows that the economics of the project is determined by 
the contours of the geological units (more so than the grades themselves), which can be 
delineated with considerably fewer samples than those available. By focusing the sam- 
pling campaigns on the geological unit identification and not on the grades, it would 
have certainly been possible to achieve significant savings. Furthermore, unless very 
specific geometric shapes are considered, sampling at regular intervals the surface 
surrounding a volume requires fewer samples than sampling the entire volume with the 
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same sampling density. Then another question follows: how could geostatistics guide 
the sampling campaign for this type of predominantly geometric deposit? The answer 
to this problem is not immediate and should be the object of future developments. 

Let us conclude this section with the analysis of another tool obtained from the mod- 
eling: the ‘preferential contact scheme’. While the mutual behavior of grades and facies 
has been the focus of our attention so far, we should also mention the mutual behavior 
of the facies themselves and the analysis of their transitions. The principle of the anal- 
ysis of such transitions appears in a course written by Jacques Rivoirard in 1990 and 
published in 1994. As for the first applications, one must go back to the work of sedi- 
mentologist Walter Schwarzacher, who, in 1969, in the context of Markov chains, began 
a work followed later by hydrogeologists Gary Weissmann and Graham Fogg in 1999, 
making the link with geostatistics. Later, in 2006 and 2007, Weidong Li specialized in 
the analysis of categorical variable transitions and introduced the term transiogram. 

Similar to formula (2.10) where the cross-variogram between an indicator and a 
partial grade is divided by the indicator direct variogram to obtain a conditional ex- 
pectation, it is possible to replace the partial grade with another indicator and thus 
define the quotient: 


Yy(h) 
y:(h) 


=Prob{x+he j|xei,x+hgi}, (2.14) 


which, under a hypothesis of spatial symmetry (Rivoirard, 1994), represents the prob- 
ability of entering facies j when leaving facies i, as a function of the vector / that 
separates the two points at which this probability is calculated. When the direct and 
cross-variograms involved in Eq. (2.14) have a sill, the quotient in the formula (2.14) 
tends to a sill equal to p/(1 — p;), the probability of being in facies j divided by the 
probability of not being in facies 7, two probabilities whose calculation is based on the 
global facies proportions p; and p;. 

The quotient (2.14) is useful to rank the facies. If |y;(4)/y,(4)| depends on vector h, but 
lyi(4)/y()| does not, then facies i has, in some way, priority over facies j, whose indica- 
tor can be expressed as a linear combination of the indicator of facies 7 and a spatially 
uncorrelated residual: 


1,(x)= Pj 
ik pal 
This property implies that cokriging the indicators reduces to the separate kriging of 
the indicator and the residual. If such properties are met for several pairs of facies, the 
linear cokriging system of facies indicators can be greatly simplified. The following 
example presents an original use of the indicator cross-to-direct variogram ratios for 
the Chuquicamata project. 

The curve starts from the value p(— jli —), for h close to 0, which represents the 
probability of finding facies j when leaving facies i, a probability in practice evaluated 
by the total number of pairs of samples of facies i and j that are directly in contact, 
divided by the total number of samples of facies i. The goal is to detect preferential 
contacts, i.e., a tendency, for the facies, to meet some more than others, the idea being to 


(1;(x) —1) + Rji(2). (2.15) 
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Figure 2.8 Quotient of an indicator cross-variogram by an indicator direct variogram 
for the underground Chuquicamata project. Text contains explanations. 


generalize the concept of contact diagram (flag) mentioned in Chapter 1 (Figure 1.11). 
However, as shown in Figure 2.8, the value p(— jli —) is not interpretable in itself as it 
must be relativized by the value to which the indicator cross-to-direct variogram ratio 
converges (when it converges), that is, the probability ratio p,/(1 — p;). Hence, one must 
introduce the following quantity called ‘preferentiality from i to j’: 


Pj 
l- pi 


Pref(i > j)= p> j|i-)- : (2.16) 
which represents the ‘probability jump’ between the probability of direct contact and 
the probability related to the global facies proportions. This quantity depends on the 
direction of the vector h joining the two points. In practice, it is calculated in the east- 
west, north-south and vertical directions. It should be taken into account that using 
a difference in Eq. (2.16) allows preserving the interpretation in terms of probability, 
which a quotient between p(— jli —) and p//(1 — p)), for example, would not allow. Some 
rules of interpretation of this quantity are found in Séguret (2013). 

For Chuquicamata, in each of the three directions, all the preferentialities between 
the eight facies of the deposit (56 values per direction) were calculated and classified by 
order of importance. The pattern that appeared is almost the same for all the directions 
(Figure 2.9). To understand this scheme that was emerging from statistics, an impressive 
global law established by measuring the relationships between facies taken two by two 
at the scale of the drill hole samples, we had to discuss with the resources geologist Pablo 
Carrasco. The remembrance of his reaction is still alive when, in December 2011, he dis- 
covered this preferential contact pattern: he examined it carefully, silently, with a visible 
emotion on his face. It is good to specify here that Pablo is the son of Pedro Carrasco, 
who, as stated in the introduction, was an initiator of our collaboration with Codelco 
and died of illness one year before his son explained what he had in front of our eyes. 
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Figure 2.9 Diagram of preferential contacts between the underground Chuquicamata 
units. The arrows can be colored to indicate the importance of the tran- 
sition probabilities between two units. Therefore, when one leaves 312, 
one mostly finds 301, whereas when leaving 301, one finds almost as much 
3,091 as 303, and sometimes 3,092. 312 and 301 do not have a symmetrical 
connection, 301 screens 312 with respect to the other units, which estab- 
lishes an order relationship between these two units. When two arrows 
appear between two units, there is a mixture and there is no longer an or- 
der, and none of the two units screens the other with respect to the other 
units. Economically speaking, the challenge of the project here is unit 307 
at the east end of the scheme. Should it be exploited, given that it would 
require mining the metal-poor unit 318? 


First, the diagram must be oriented as in Figure 2.9, west to the left and east to 
the right. The facies are grouped into two sets, separated by facies 303, which was 
called ‘transition facies’ twenty years before — how curious... The association of these 
groups with the grades shows that, if the entire west is a mixture of four units whose 
contours are probably quite difficult to delineate, the grade of this ‘mixture’ (in the 
sense of the large number of double arrows between facies) remains above the eco- 
nomic cutoff grade. In any case, they will generate profits after extraction, whether or 
not their individual contours are accurate, especially since the exploitation by block 
caving is not at all selective and must mine all the ore in a given area, several hundred 
meters below the present Chuquicamata open pit (itself 1,000 m deep). In the east, the 
facies highlighted by the scheme are much less favorable for project economics. To 
get to unit 307, one must cross unit 318 and avoid unit 305 that contains little metal. 

At the time this work was presented to the company, the crucial question was 
whether the exploitation should stop at the eastern end of unit 303, or if it was neces- 
sary or beneficial to take the exploitation to unit 307, at the price of extracting a large 
amount of low-grade ore (unit 318). Geologists and engineers found in this scheme the 
synopsized, qualitative and quantitative expression of a truth of which they had the 
intuition for twenty years. They also obtained a method to model the blocks and to 
better identify the rich areas of the deposit when surrounded by poor ore. These results 
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arrived exactly at the right time. We do not know what choice has been made today, it 
is an industrial secret, but there is no doubt that this work contributed to the decision. 


2.2 Simulation of facies and grades 


Sometimes, the geologist or mining engineer is interested not only in a single block 
model that predicts the grades but also in the construction of alternative models that 
reproduce the spatial variability of both the facies and grades. In this case, one must 
work with simulations, which address several issues, in particular: 


* mapping the geological variability; 

e quantifying the uncertainty in the facies or the grades, globally (at the scale of the 
entire deposit) or locally on a block-by-block basis; 

e classifying the resources of the deposit into measured, indicated or inferred, in 
accordance with the international codes for the public reporting of mineral re- 
sources (Chapter 4); 

e determining the reliability of mining plans and of long-term production programs 
(Chapter 4); 

* assisting the ore control function and short-term production management 
(Chapter 5); 

e defining a more detailed sampling plan to convert inferred resources (with low 
confidence) into indicated or measured resources. 


The work described in the following by Emery and Maleki (2019) presents a case 
study of facies and grade simulation in the Rio Blanco-Los Bronces porphyry deposit 
introduced in Chapter 1. First, the facies are modeled using two truncated Gauss- 
ian random fields (plurigaussian model). The relationships between facies and copper 
grades are then examined in light of three exploratory tools, revealing the coexist- 
ence of facies with and without edge effects. A four-variable coregionalization model 
is then developed to describe the joint spatial correlation structure of the facies and 
grades. Finally, a hierarchical approach is used to simulate one facies and its grade, 
whereas the other facies are cosimulated together with their grades. The results are 
cross-validated by the so-called ‘split-sample’ technique. 


2.2.1 Data and sector under study 


Given the large spatial extent of the Rio Blanco-Los Bronces porphyry deposit, this 
study focuses on a small sector mined by open pit and known as Don Luis, with a 
volume of 600 x 775 x 450 m? (Figure 2.10). The available data include more than 3,000 
samples of exploration drilling, composited at a length of 16 m, with information on 
the rock type and the in situ copper grade (Table 2.1). The rock type belongs to three 
of the seven main facies recognized in Chapter 1 (the other four facies being absent 
from the sector under study): 


e — granitoids (GD); 
e mineralized tourmaline breccia (TOB); 
e porphyry (POR). 
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Figure 2.10 Data from the Don Luis mine of Codelco-Andina. Location maps in 
local coordinates: projections in horizontal (a, c) and vertical sections 
(b, d). The scale indicates the copper grade (a, b) and the geological facies 
(c, d). 


Table 2.1 Statistics of in situ copper grade data, throughout the sector under study and 
in each facies 


Entire study area Granitoids Tourmaline breccia Porphyry 
Number of data 3,085 1,288 1,351 446 
Minimum 0.02 0.04 0.03 0.02 
Average 0.69 0.64 0.89 0.25 
Maximum 3.45 3.45 3.32 1.26 
Variance 0.158 0.097 0.152 0.031 


Copper grades are expressed in %. 
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2.2.2 Facies modeling 


Codelco geologists have drawn the map in Figure 2.11, whose resolution is quite coarse 
since only one facies is assigned to each 15 x 15 x 16 m? block. In addition, this geologi- 
cal interpretation smoothes the boundaries between facies and implicitly assumes that 
these boundaries are perfectly known, which is unrealistic. As with the MMH deposit 
in Chapter 1, a plurigaussian modeling of the facies would avoid these disadvantages 
by providing a set of high-resolution simulations, with spatially irregular boundaries 
that vary from one simulation to another, reflecting the uncertainty about their exact 
position in the deposit. 

Therefore, we resume the plurigaussian model presented in Chapter 1, restricting it 
to the three facies (GD, TOB and POR) and adapting its parameters to the local sta- 
tistics observed in the data of the sector of interest. From two independent Gaussian 
random fields (Y; and Y>) and two truncation thresholds (y; and y2), the facies at any 
point x is defined as follows: 


e  granitoids: x E GD © Y\(x)>y1 and Y(x)>yo, 
e tourmaline breccia: x € TOB © Yj(x)>y,; and Y(x) < y2, 
e porphyry: x € POR © Y\(x) < yj. 


This truncation rule can be represented as a two-dimensional flag (Figure 2.12) in 
which each axis corresponds to a Gaussian random field. In this flag, the porphyry 
cross-cuts the granitoids and the tourmaline breccia (the same will happen in the sim- 
ulations that will be built), which is consistent with the chronology of the facies, the 
porphyry being an intrusive body younger than the granitoids and the tourmaline 
breccia. 
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Figure 2.11 Interpreted geological model of the Don Luis mine of Codelco-Andina, 
with a block size of 15 x 15 x 16m?. Horizontal projection of the bench 
with elevation 3,650 m, restricted to the sampled domain. Granitoids 
are concentrated in the east and porphyry in the west and center of this 
domain. (Credit: Claudio Martinez.) 
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Figure 2.12 Flag that symbolizes the plurigaussian truncation rule, which allows ob- 
taining the facies (GD, TOB or POR) from the values of the Gaussian ran- 
dom fields Yı and Y2. GD, granitoids; POR, porphyry; TOB, mineralized 
tourmaline breccia. 


The truncation thresholds yı = —0.8 and y2 = 0.03 are set in order to reproduce the 
global proportions of the facies in the interpreted geological model for the sector un- 
der study (38.5% for GD, 40.3% for TOB and 21.2% for POR). The variograms are 
fitted hierarchically, considering the plurigaussian model as two embedded truncated 
Gaussian models: 


e the direct variogram of the Gaussian random field Y; is modeled first, in order 
to fit the experimental variogram of the porphyry indicator (POR = 1, GD = 0, 
TOB = 0) (Table 2.2 and Figure 2.13a); 

e next, the direct variogram of the Gaussian random field Y, is modeled, by fitting 
the experimental variogram of the tourmaline breccia indicator defined in the 
space not occupied by the porphyry facies (TOB = 1, GD = 0, POR = undefined) 
(Table 2.2 and Figure 2.13b). 


The direct variogram models of Y; and Y) comprise nested spherical structures having 
a geometric anisotropy with main directions N20°W, N70°E and vertical, the same 
directions as the ones identified in Chapter 1. In addition, it is assumed that these two 
random fields are independent, so that their cross-variogram is identically zero. 


Table 2.2 Facies coding by means of three-state indicators 


Facies Yi<y/? Y2< y2? 
POR l N/A 
TOB 0 0 

GD 0 0 


States | and 0 correspond to the cases when the underlying Gaussian ran- 
dom field is lower or higher than the truncation threshold, respectively. 
The undefined state N/A corresponds to an absence of information on the 
Gaussian random field (missing indicator data). 

GD, granitoids; POR, porphyry; TOB, mineralized tourmaline breccia. 
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Figure 2.13 Fitting of the direct variograms of facies indicators: (a) porphyry (POR), (b) 
tourmaline breccia (TOB). Experimental variograms (circles and dotted 
lines) and modeled (solid lines) are calculated along the N20°W, N70°E 
and vertical directions, identified as the main directions of anisotropy. 
GD, granitoids. 


2.2.3 Study of edge effects in the copper grades 


Before modeling the grades within the facies, it is important to determine whether or 
not these grades exhibit an edge effect when moving from one facies to another. Two 
extreme situations are possible: 


e Absence of edge effects: The average copper grade remains constant within each 
facies, changing abruptly, or presenting a very rapid transition, when crossing the 
boundary between two facies. 

e Presence of an edge effect: The average copper grade within a facies varies when 
approaching the boundary and may, in the extreme case, not present any discon- 
tinuity when passing to an adjacent facies. 


In the first case, as explained in Section 2.1 on the formalism of partial grades, it 
would be advisable to simulate the grades in each facies separately (Eq. 2.13). In the 
second case, however, the same random field could be used to simulate the grades in 
several facies, so as to avoid discontinuities when moving from one facies to another. 
This unique random field can also be correlated with the facies indicators, because the 
presence of an edge effect does not necessarily mean that the grade is independent of 
the facies. 
Accordingly, there are three possible approaches to simulation: 


e A hierarchical approach, where facies are simulated first and then the grade is 
simulated in each facies separately. 

e A joint approach, where facies and grades are simulated simultaneously. In this 
case, the aim is to cosimulate a quantitative variable and a categorical variable, 
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a problem that ultimately reduces to cosimulating Gaussian random fields con- 
ditioned to exact data (copper grades) and interval data (indicators associated 
with truncation thresholds). The conditioning step is solved by using the Gibbs 
sampler, an iterative technique that transforms interval data into Gaussian data 
(Emery and Silva, 2009; Maleki and Emery, 2015). 

e A mixed approach, in the case that the copper grade does not have an edge effect 
with given facies, but presents an edge effect with other facies, an approach that 
will be preferred in the present case study. 


The ratio of the cross-variogram of the partial grade and the facies indicator by the 
direct variogram of the indicator (Eq. 2.10) is used to determine the existence or not 
of edge effects. It gives the average grade in the facies as a function of the distance 
to the boundary. Applied sequentially to each facies, this ratio does not reveal any 
edge effect, as the average grades remain constant within each facies, regardless of 
whether one approaches or moves away from the boundary with another facies. The 
average copper grade in the porphyry fluctuates around 0.25% (Figure 2.14c), which is 
significantly lower than the average grade in the granitoids (Figure 2.14a) and tourma- 
line breccia (Figure 2.14b). These last two facies exhibit relatively close average grades 
(0.8%—0.9%) near their boundaries. 

Note in Table 2.1 that the global average copper grade in granitoids is 0.64%, which 
is lower than the average value observed near the boundary. This is due to the rela- 
tively low grades in the eastern part of the study area far from the tourmaline breccia 
and porphyry. The decrease in grade in granitoids far from the boundary with the 
tourmaline breccia, on the one hand, and the closeness of the average grades observed 
near the boundary between the granitoids and tourmaline breccia (0.8%-—0.9%), on the 
other hand, suggest a possible edge effect between these two facies. Therefore, a more 
careful analysis is needed, which will be based on two new tools: cross-correlograms 
and lagged scatter plots (definitions in Appendix, Section A.2.1) between the grades 
of different facies. 

To determine the spatial cross-correlation between the copper grades observed in 
two different facies, three sets of totally heterotopic data are constructed (the grade 
in GD, the grade in TOB and the grade in POR), by eliminating the data located 
outside the facies of interest. Then, their cross-correlograms are calculated. It fol- 
lows that the grades in the granitoids and the tourmaline breccia show significant 
correlations, but they have very low correlations with the grades in the porphyry 
(Figure 2.15). 

The second tool is the lagged scatter plot of the grades, obtained by considering 
the pairs of data that have a small separation distance (less than 20 m) but belong to 
different facies. Again, the result indicates a similar average and a good correlation 
between the grades measured in the granitoids and the tourmaline breccia, whereas 
the grades of the porphyry facies are poorly correlated and have a much lower average 
value (Figure 2.16). 

In summary, the copper grades in the porphyry have a much lower average and 
are only weakly correlated with the copper grades in the other two facies, which 
exhibit close average values and are strongly correlated. Of the tools discussed here, 
the ratio of the cross-variogram of the partial grade and facies indicator by the 


42 Geology and grades 


Entering GD Entering TOB 


a ee a 


— = - azm = -20°, dip = 0° — = - azm = -20°, dip = 0° 

02 = +- + azm = 70°, dip = 0° 02 +> azm = 70°, dip=0° 

a — ee - azm = 0°, dip = 90° . — e+ azm = 0°, dip =90° 
= @ - omnidirectional — @ - omnidirectional 


Average copper grade (%) 

3 

Average copper grade (%) 
S 


0 20 40 60 80 100 0 20 40 60 80 100 
Distance (m) Distance (m) 
(a) (b) 


Entering POR 
1 = = - azm = -20°, dip = 0° 
> = ++ azm= 70°, dip = 0° 
S = © + azm = 0°, dip =90° 
o 0g — @ - omnidirectional 
2 o 
g 
ob 
5 06: 
8 
© 
2 04 
v r 
2 o Fean O 
0 i i , 
0 20 40 60 80 100 


Distance (m) 


(c) 


Figure 2.14 Edge effects (1 of 3). Cross-variogram of partial grade and facies in- 
dicator divided by indicator direct variogram, for (a) granitoids (GD), 
(b) tourmaline breccia (TOB) and (c) porphyry (POR). Experimental 
variograms are calculated along the N20°W, N70°E and vertical direc- 
tions and omnidirectionally. For each facies, the average grade remains 
constant when approaching the boundary, suggesting an absence of edge 
effects. 


indicator direct variogram provides information only on the average grade within 
a facies. The cross-correlogram provides information only on the correlation be- 
tween grades measured on each side of the boundary between two facies, whereas 
the lagged scatter plot is more informative, as it shows both the averages and cor- 
relations between grades. In addition, for large separation distances, the cross- 
correlograms and cross-to-direct variogram ratios are difficult to interpret because 
their calculation involves pairs of samples at two points x and x + A whose distances 
to the facies boundaries may range from 0 to h. This is probably one of the reasons 
why the edge effect between the tourmaline breccia and the granitoids is barely 
noticeable in Figure 2.14. 
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Figure 2.15 Edge effects (2 of 3). Cross-correlograms between the grades measured 
in different facies: granitoids (GD) and tourmaline breccia (TOB) (a), 
granitoids and porphyry (POR) (b), tourmaline breccia and porphyry (c). 
The correlograms are calculated along the N20°W, N70°E and vertical di- 
rections and omnidirectionally. There is a correlation between the grades 
measured in granitoids and those measured in the tourmaline breccia. 


2.2.4 Grade modeling 


The previous analyses lead us to a two-stage modeling: first, the grades in the por- 
phyry facies are modeled, and then the grades in the other two facies, granitoids and 
tourmaline breccia, are modeled together. 


2.2.4.1 First stage: modeling the grade in the porphyry 


The copper grades in the porphyry are transformed into normal scores data (Gaussian 
anamorphosis, see Matheron, 1974, or Chilés and Delfiner, 2012), after ignoring all 
the data in the granitoids and the tourmaline breccia. The result is associated with a 
Gaussian random field Yý defined only in the porphyry. The direct variogram of Yf is 
then calculated and modeled, using a nugget effect and two nested spherical structures 
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Figure 2.16 Edge effects (3 of 3). Lagged scatter plots, for a separation distance of 
less than 20 m, between the grades measured in different facies: gran- 
itoids (GD) and tourmaline breccia (TOB) (a), granitoids and porphyry 
(POR) (b), tourmaline breccia and porphyry (c). In each case, the black 
square indicates the center of gravity of the scatter plot. The scatter plot 
(a) shows correlated grades with a similar average value; the scatter plots 


(b) and (c) show weak correlations and significant changes in the average 
grades. 


with a geometric anisotropy (Figure 2.17). As it is further assumed that the grade in the 
porphyry is independent of the facies indicators, the cross-variograms between Yý and 
Yı and between Yý and Y; are identically zero. 


2.2.4.2 Second stage: modeling the grades in granitoids and tourmaline breccia 


The copper grades measured in the granitoids and the tourmaline breccia are, in turn, 
transformed into normal scores, now ignoring the porphyry data. The result is associ- 
ated with a Gaussian random field Yz defined only in the granitoids and the tourmaline 
breccia. The direct variogram of Yz and the cross-variogram of Yz and the tourmaline 
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Figure 2.17 Fitting of the direct variogram of the normal score transform of the copper 
grade in the porphyry (Gaussian random field Yj’). The experimental 
variograms, represented by dotted circles and lines, and modeled vario- 
grams, represented with solid lines, are calculated along the N20°W, N70°E 
and vertical directions, identified as the main directions of anisotropy. 


breccia indicator ly,<,, are calculated, ignoring the data in the porphyry. Taking into 
account the mathematical relationship between the cross-variogram of ly,<,, and Y7 
and the cross-variogram of Y» and Y3, a linear coregionalization model is fitted for 
both Gaussian random fields Y> and Yz, based on the nested structures already used to 
fit the variogram of Y>, in addition to a nugget effect (Figure 2.18). 

Notably, in the fitted model, the spherical nested structure with the smallest range 
has no contribution to the cross-variogram between Y> and Yz and the correlation 
between both random fields (therefore, between the tourmaline breccia indicator and 
copper grade) stems from the spherical nested structure with the largest range. In 
other words, the dependence between copper grades and facies is associated with large 
scales of spatial variation. 

To complete the coregionalization model of (Yj, Y2, Yj’, Y2), it is assumed that the 
Gaussian random field Y; is independent of the porphyry indicator and of the grade in 
the porphyry, which implies that the cross-variograms of Y, and Y; and of Yý and Y3 
are identically zero. 


2.2.5 Joint simulation of facies and grades 


It becomes now possible to simulate the facies and copper grades conditionally on the 
drill-hole data. For each desired simulation, the steps are as follows: 


1. Simulation of the porphyry facies: The Gaussian random field Yj is simulated, 
conditionally on the porphyry indicator data (Table 2.2), and then truncated at 
threshold yı (Figure 2.12). 
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Figure 2.18 (a) Fitting of the direct variogram of the normal score transform of 
copper grade in granitoids and tourmaline breccia (Gaussian random field 
Yz). (b) Fitting of the cross-variogram of Y> and the tourmaline breccia 
indicator. The experimental (circles and dotted lines) and modeled (solid 
lines) variograms are calculated along the N20°W, N70°E and vertical 
directions. 


2. Simulation of the copper grade in the porphyry facies: The Gaussian random field 
Y/ is simulated, conditionally on the known values of this random field in the por- 
phyry, and backtransformed into copper grade. 

3. Cosimulation of the other two facies and their grades: In the space not occupied 
by the porphyry, the Gaussian random fields Y, and Y; are jointly simulated, con- 
ditionally on the known values of Y; and the indicator of Y, (with three states: 
0, 1 or undefined, see Table 2.2). The simulation of Y> is transformed into facies 
(tourmaline breccia or granitoids) by truncation at the threshold y2, whereas the 
simulation of Yz is backtransformed into copper grade. 


The simulations of the copper grade so obtained show an edge effect when passing 
from the tourmaline breccia to the granitoids, and a lack of edge effect when entering 
the porphyry, marked by a ‘hard’ transition to very low grades (Figure 2.19). These 
characteristics are consistent with the chronology of the facies, since the porphyry is a 
postmineralization intrusive. 

Averaging the values of the facies indicators or of the simulated copper grades 
at each point of the grid allows evaluating the probabilities of occurrence of the 
facies and their expected copper grades. The probability maps (Figure 2.20a—c) 
suggest relatively well-defined boundaries between facies, as they rapidly evolve 
from very low probabilities to very high probabilities, which is explained by the 
amount of available data and the strong spatial continuity of the facies indicators 
(Figure 2.13). In contrast, the copper grades are more erratic, with a significant 
nugget effect (Figure 2.18), which causes a strong smoothing effect when the simu- 
lations are averaged (Figure 2.20d). 
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Figure 2.19 Two conditional simulations of the facies (a, b) and of the point-support 
copper grade (c, d), on a grid with a mesh of 2 x 2 x 16 m? restricted 
to the sampled domain. The simulated grades reproduce the edge effect 
at the boundary between granitoids and tourmaline breccia, and the ab- 
sence of edge effect at the boundary of the porphyry facies. These bound- 
aries vary from one simulation to another. Horizontal projection of the 
bench with elevation 3,650 m. 


2.2.6 Simulation validation 


To validate the results, the so-called split-sample technique (also known as jack- 
knife) is used. The data set is partitioned into two subsets called the ‘training set’ and 
‘validation set’, respectively. The partition is carried out by grouping the data of each 
drill hole and assigning, at random, each drill hole to one of the two subsets, with 1/3 
and 2/3 probabilities, respectively. Then, the training set (1,023 data) is used as condi- 
tioning information to simulate the copper grades at the points of the validation set 
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Figure 2.20 Estimation of the probability of occurrence of granitoids (a), tourma- 


line breccia (b) and porphyry (c) and prediction of the copper grade 
(d), calculated from 50 simulations. The probability maps suggest fairly 
well-defined facies, whereas the map of predicted grades is smooth due 
to the greater variability of the true grades at small distances. Horizontal 
projection of the bench with elevation 3,650 m. 


(2,062 data), following the steps indicated earlier. In total, 500 simulations are built. 
Two tests are carried out with the results. The first one aims at verifying the absence of 
bias and conditional bias of the simulations, whereas the second one aims at verifying 
that the fluctuations between the different simulations correctly measure the uncer- 
tainty of the copper grades at the points of the validation set. 


2.2.6.1 First test 


The copper grade can be predicted at the points of the validation set by averaging the 
500 simulations, which constitutes an approximation to the conditional expectation, 
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a predictor without bias or conditional bias that minimizes the variance of the predic- 
tion error. This is corroborated by visualizing the scatter plot between the predicted 
grades and the true grades of the validation set: the regression curve of this scatter plot 
practically coincides with the diagonal line (Figure 2.21). 
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Figure 2.21 Scatter plot between the true copper grades (vertical axis) at the points 
of the validation set (2,062 data) and the average of 500 simulations 
(horizontal axis) conditioned on the data of the training set (1,023 data). 
The regression curve coincides with the diagonal (first bisector), which 
indicates the absence of conditional bias and, a fortiori, the absence of 
global bias. 
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Figure 2.22 Proportion of data of the validation set belonging to a p-probability inter- 
val (vertical axis) as a function of the theoretical probability p (horizontal 
axis), for p varying between 0 and |. The experimental points are located 
very close to the diagonal. 
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2.2.6.2 Second test 


It is important to verify not only that the simulated grades fluctuate without global or 
conditional bias around true grades but also that their fluctuations correctly reflect 
the uncertainty associated with true grades. This second point can be verified by 
constructing, at each point of the validation set, probability intervals for the copper 
grade. Specifically, for p between 0 and 1, a p-probability interval bounded by the 
quantiles of order 1 — p/2 and 1 + p/2 of the 500 simulated values is constructed. From 
a statistical point of view, among the 2,062 data of the validation set, it is expected 
that a proportion p of these data has a true grade that belongs to the interval so 
constructed. The exercise can be repeated for probabilities ranging from 0 to 1 and 
summarized in the graph of the actually observed proportion of data as a function 
of the nominal probability p. In this case, the points on the graph are located on the 
diagonal line, or very close to that line (Figure 2.22), which indicates that the fluctu- 
ations of the simulated grades correctly quantify the uncertainty associated with the 
true grades. 
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The grade predicted by kriging or cokriging suffers from a well-known smoothing 
effect. In particular, although kriging reproduces the average grade and leads to the 
smallest squared errors, the resulting block model does not reproduce the actual dis- 
persion of the grades in the deposit. One consequence is the emergence of biases when 
applying a cutoff grade, a threshold value that separates the ore from the waste. Select- 
ing the ore based on the kriging predictions tends to overestimate the true recoverable 
ore tonnage when the cutoff is lower than the overall average grade, or underestimate 
it when the cutoff is higher than the average grade (Figure 3.1). 


52 Grades and recoverable resources 


400 5 400 5 
| 


| 
350 } 


300 | 
250 | 


200 | 


Number of blocks 
Number of blocks 


150 
100 } 


so! 


f | 100 } 


o! E L | Lt] [ha Cob 0 Ned A EA WF LA L Lith [ha mo il 
0 0.5 1 1.5 2 2.5 3 0 0.5 1 i3 2 23 3 
Cutoff n, Cutoff ‘ 
True copper grade (%) Predicted copper grade (%) 


(a) (b) 


Figure 3.1 Distributions of (a) true copper grades and (b) their predictions by kriging 
at a block support. Although the predictor does not have any global or 
conditional bias, the selection based on a cutoff grade produces differ- 
ences in the calculation of recoverable resources, depending on whether 
it is done on the predicted or on the true block grades. This is due to the 
smoothing effect of kriging. Here equal to 0.5%, the cutoff grade is lower 
than the average grade, which implies a smaller amount of waste (dark 
gray zone) and a greater amount of ore (light gray) when the selection is 
made on the predicted grades (b), in comparison with the situation where 
the selection is made on the true grades (a). Avoiding this bias requires 
a predictor that does not smooth the grades, which would inevitably be 
inaccurate and conditionally biased. 


Avoiding the smoothing effect is one of the main motivations for the development of 
conditional simulation techniques, by building numerical models that reproduce the 
real grade variability and provide unbiased results when applying a cutoff. However, 
the implementation of simulation is demanding in terms of modeling, computing time 
and storage space. Is it possible to evaluate the recoverable resources above a given 
cutoff at a lower cost? This question is addressed in this chapter from several points of 
view, depending on whether the interest is a global or a local assessment. 

The first section defines the concept of recovery functions and presents how to es- 
timate these functions at the global scale of the deposit, based on exploration drilling 
data. It is essentially about determining the distribution of grades at the support of the 
production blocks because accounting for the change of support between these blocks 
and the drill-hole samples is crucial. 

The second section focuses on predicting the recoverable resources locally, for each 
block of the deposit, and presents the multi-Gaussian kriging technique. Here, a chal- 
lenge is to develop a predictor that is applicable when the random field associated with 
the grades is not strictly stationary, but only locally stationary. 

A synthesis of the proposed approaches is presented in the third section. 
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3.1 Global recoverable resources 


3.1.1 Data and problem setting 


We remain in the Rio Blanco-Los Bronces porphyry copper deposit in central Chile. 
This time, the case study focuses on another open-pit mine of the Codelco-Andina Di- 
vision, called Sur-Sur. The data consist of around 2,400 copper grade measurements 
in exploration drill-hole samples distributed in a region of dimensions 400 x 600 x 
130 m? (Figure 3.2). The sample support has been regularized to a length of 12 m along 
the drill holes, which corresponds to the bench height in this portion of the open pit. 
The high grades are mainly concentrated in the center of the region, corresponding 
to the tourmaline breccia, while the periphery contains lower grades and corresponds 
to granitoids, magmatic and monolithic breccias; the porphyry facies is absent here. 
It is of interest to predict the recoverable resources above a given cutoff grade, the 
threshold value below which the ore extraction ceases to be economically profitable. 
At the scale of the sampled region, the problem amounts to estimating the distribution 
of the grades, first at the support of the drill-hole samples and then at the support of 
the production blocks. 


3.1.2 First problem: inferring the distribution of the measured grades 


According to the constitutive model of geostatistics, the grade z(x) measured at a point 
xin space is interpreted as a realization of a random variable Z(x). The measurement 
point actually corresponds to the volume of a drilling core sample small enough to 
be considered a ‘point’ support. The uppercase letter (Z) denotes a random variable, 
as opposed to the numerical value that it may take (z, lowercase). The set of random 
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Figure 3.2 Data from the Sur-Sur mine of Codelco-Andina. Maps of the drill-hole 
samples in a local coordinate system: projections in horizontal and vertical 
sections. The scale indicates the copper grade. 
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variables associated with all the points of the studied region constitutes a random 
field, which here is assumed strictly stationary so as to simplify the inference of its pa- 
rameters (see Appendix, Section A.2.7). In particular, the distribution of Z(x) does not 
depend on the position of point x, and this is the distribution that has to be estimated 
from the available data. Among the experimental representations of this distribution, 
the most classical is the histogram (Figure 3.3a), which suggests here a lognormal dis- 
tribution with an average of 1.05% and a standard deviation of 0.64%. 

Is this histogram an accurate representation of the desired point-support grade dis- 
tribution? The reply is negative due to the irregular sampling design, a frequent issue in 
the evaluation of mineral deposits: the high-graded sectors in the center of the region 
are more densely sampled due to their economic interest. Accordingly, the histogram 
in Figure 3.3a underrepresents the low grades of the periphery and gives a biased im- 
age of the true grade distribution in the region. To reduce this error, the experimental 
histogram is recalculated by weighting each sample, with a greater weight when the 
sample is isolated and a smaller one when it is clustered with other samples that es- 
sentially carry redundant information (Chilés and Delfiner, 2012). Figure 3.3b shows 
that the tail of the experimental distribution is reduced, resulting in a decrease of the 
average and the standard deviation to 0.90% and 0.59%, respectively. 

The previous calculation still poses a practical problem. The stationarity hypothesis 
implies that a single distribution is enough to describe the random variable Z(x) at any 
point x. But the same does not happen with the true grade distribution because the 
periphery of the sampled region has lower grades than the center; increasing the size 
of the region would therefore induce a significant decrease in its average grade and 
modify the grade distribution. The geostatistical modeling hypotheses, in particular 
the stationarity of the random field associated with the grade, shows here their limits. 

Accordingly, the following modeling and calculation of the ‘global’ recoverable 
resources refer to a region that contains the drill-hole data and whose exact contour is 
not explicitly defined. The objective of the global calculations is to guide the decision 
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Figure 3.3 Histograms of sampled copper grades. (a) All the samples receive the same 
weight. (b) Isolated samples are weighted more than clustered samples; the 
weighting is inversely proportional to the number of samples contained in 
a 40 x 40 x 20 m? block centered on the target sample. 
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of the engineers about the viability of mining the deposit, but these calculations are 
intended to be later complemented by ‘local’ predictions. 


3.1.3 Recovery functions 


Hereinafter, attention is paid to the ‘recovery functions’, also called the ‘transfer func- 
tions’. Associated with a cutoff z (lowercase), they describe the grade distribution. 
Four of them are of particular interest (Matheron, 1984; Lantuéjoul, 1990; Chilés and 
Delfiner, 2012): 


e the fraction of tonnage above z, which represents the fraction of ore whose grade 
exceeds the cutoff grade or, equivalently, the probability that, at a given point x, 
Z(x) is greater than z: 


T(z)=E{lz(x)>2} (3.1) 


where 17(,)>- 18 the indicator equal to 1 if z,)>-, 0 otherwise; 
* the metal quantity above z: 


O(z) = E} Z(x) 1z(x)>2} (3.2) 
* the average grade above z: 
m(2) = ro) = EZOZ) (3.3) 


e the conventional benefit above z: 


B(z)=Q(z)-2zT(z). (3.4) 


The functions T, Q, m and B do not depend on the chosen point x due to the stationar- 
ity hypothesis (even if, as mentioned earlier, this hypothesis is questionable). For a zero 
cutoff grade, one has 7(0)=1 and Q(0)=m(0)= B(0)=m (global average grade). 


3.1.4 Second problem: change of support 


The question that interests the geologist and the mining engineer is how the distribu- 
tion of grades and the recovery functions change, when passing from a quasi-point 
support (drill-hole sample) to a block support (volume V of a selective mining unit). 
In other words, the interest here is the estimation of the recovery functions at a block 
support, based on point-support information: 


e fraction of tonnage above z: 
Ty(2z)=E{lzv)>2} (3.5) 


* metal quantity above z: 


Oy (z)= E{ ZV) lzyvy52} (3.6) 
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Figure 3.4 The selectivity of distributions: (a) hierarchy of the metal—tonnage curves 
according to support; (b) hierarchy of the conventional benefit curves 
according to the support. 


e mean grade above z: 


my (z)= Oy (z)/Ty(z)= EZV) | Z0) > 2} (3.7) 
* conventional benefit above z: 
By (z)=Qy(z)-zTy (2). (3.8) 


Matheron (1984) and Lantuéjoul (1990) showed that the distribution of block grades is 
‘less selective’ than that of the point-support grades. For the same extracted tonnage T, 
the quantity of metal Q recovered is less if the extraction is performed on the block 
support than if it is performed on a point support: O;(T)< Q(T) and Qy(1)= Q(1)=m 
(Figure 3.4a). Similarly, for a given cutoff grade, the conventional benefit decreases 
when the support increases: By(z)< B(z) and B,(0)=B(0)=m (Figure 3.4b). This geo- 
statistical concept of selectivity formalizes what the geologists and mining engineers 
understand by ‘dilution’ (a mixture of high- and low-grade materials that deteriorates 
the selection above the cutoff grade). 


3.1.5 Looking for a change-of-support model 


Several simple models were designed in the 1970s to derive the block-support grade 
distribution from the point-support one. The most widely known are the affine and 
lognormal corrections (Journel and Huijbregts, 1978). Here, a (little) more sophisti- 
cated model is selected: the ‘discrete Gaussian model’, tested many times with success 
in the past decades. The starting point is the transformation of the grade random field 
(Z) at the point support (x) into a random field Y with a standard Gaussian distribu- 
tion (Figure 3.5): 


Zx) =b (x), (3.9) 
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Figure 3.5 Explanatory scheme of the discrete Gaussian model. The distributions of 
point-support (top left) and block-support (bottom left) grades are trans- 
formed into standard Gaussian distributions (right) through the point- and 
block-support anamorphosis functions. The change-of-support coefficient 
r is used to relate the Gaussian variables defined on the two supports. 


where p is a nondecreasing function known as the Gaussian transformation func- 
tion or ‘anamorphosis’ (Matheron, 1974). A similar transformation is done for the 
block-support grade: 


ZV )= oy YY), (3.10) 


where Yj; is a random field with a standard Gaussian distribution, and oy is the 
block-support anamorphosis function, the knowledge of which allows retrieving the 
block-support grade distribution and the desired block-support recovery functions. 
Matheron established in 1976 the following identity between the point- and block- 
support anamorphoses: 


ov= folry+vi-? i]s ar, 61D 
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where g is the standard Gaussian probability density (a known function) and r is 
called the change-of-support coefficient. This coefficient is determined in order to re- 
produce the decrease of the grade variance when passing from the point support to the 
block support (Rivoirard, 1994); it lies between 0 for very large blocks and 1 for very 
small ones. 

Formula (3.11) involves an integral whose direct calculation is not easy. 
However, it can be converted into an expansion into Hermite polynomials (a par- 
ticular family of polynomials that possess remarkable properties related to the 
Gaussian distribution), whose calculation is straightforward by truncating the ex- 
pansion at some sufficiently high degree. Likewise, the recovery functions (tonnage 
and metal quantity above a cutoff grade) can also be expanded into Hermite 
polynomials; we refer the reader to Emery and Soto-Torres (2005) for the explicit 
formulae. 


3.1.6 Application to the Codelco-Andina data 


The mine planning engineers are interested in the tonnage and the average grade 
above different cutoffs, that is, T(z) and mj,{z) according to the previous notations, 
for a block V of size 10 x 10 x 12 m° corresponding to the selective mining unit in the 
portion of the open pit under consideration in this study. 

The weighted experimental histogram of the point-support copper grade 
(Figure 3.3b) is transformed into a standard Gaussian histogram (Figure 3.6a). The 
experimental anamorphosis, a stair function, is then modeled through an expansion 
into Hermite polynomials of degrees between 0 and 50 (Figure 3.6b). The vario- 
gram analysis of the sampled copper grades allows calculating the variance of the 
block-support grade Z(V) (Figure 3.7) and deriving the change-of-support coeffi- 
cient associated with the block V of size 10 x 10 x 12 m*: one finds r=0.86. This 
value, close to 1, indicates that the block is small in relation to the correlation range 
of the grades. 

The evaluation of the ore tonnage and of the metal quantity above different cutoff 
grades is then carried out (Figure 3.8). As expected, the resulting distribution of the 
block-support grades is less dispersed than that of the point-support grades, with a 
higher tonnage at low cutoffs and a lower tonnage at high cutoffs. Quantifying this 
phenomenon is interesting and helps to figure out the importance of the ‘dilution’ 
produced by mining blocks instead of point supports. For instance, 74.8% of the 
drill-hole samples exceed a cutoff grade of 0.5%, with an average copper grade of 
1.06%, which provides a point-support metal quantity of 0.793%. In contrast, for the 
block support, 81.3% of the grades exceed the same cutoff, with an average of 1.01%, 
giving a metal quantity of 0.821%. The above metal quantities are expressed in the 
same unit as the copper grade (percent), in accordance with the definitions (3.2) and 
(3.6) prized by geostatisticians: one has to multiply them by the total rock tonnage 
of the area to be mined and to divide by one hundred in order to figure out the total 
copper tonnage (in tonnes) that can be recovered when selecting the ore above the 
cutoff. 
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Figure 3.6 Gaussian transformation of the sampled copper grades. (a) Grade his- 
togram after transformation, (b) point-support anamorphosis function. 
The experimental anamorphosis is a stair function (broken lines) and is 
modeled by an expansion into Hermite polynomials of degrees from 0 to 50 
(continuous curve). The original grade histogram is shown in Figure 3.3b. 


3.2 Local recoverable resources 


The estimation of the recovery functions at the scale of the deposit only provides a 
general description of the recoverable resources, without details of the sectors that 
may contribute to the tonnage or recovered metal. It is therefore important to be able 
to complete the global study through a local study where, for each block of the deposit, 
the expected recovery functions for this block are evaluated. These would correspond 
to the average of the recovery functions obtained over a large number of simulations 
of the block grade conditioned to the grades measured at the sampling data points. 
Here again, one wants to avoid the use of simulations and find an analytical solution 
to locally predict the recoverable resources. Is this challenge hopeless, to paraphrase a 
paper by Rossi and Parker (1994)? 


3.2.1 One easy solution: multi-Gaussian kriging 


Two problems overlap: estimating the local grade distributions conditionally on 
the available sampling data, and incorporating the change of support between the 
point-support data and the blocks to be mined. The literature offers several tech- 
niques capable of simultaneously addressing both problems, in particular if one deals 
with a disseminated deposit for which the multi-Gaussian random field model is suit- 
able (Rivoirard, 1994; Chilès and Delfiner, 2012; Rivoirard et al., 2014). In the case 
of the Rio Blanco-Los Bronces deposit and the Codelco-Andina data, this assump- 
tion is validated by examining the experimental bivariate distributions (lagged scat- 
ter plots) calculated on pairs of Gaussian data separated by 20 m (Figure 3.9a) and 
100 m (Figure 3.9b): they exhibit the typical (elliptical) shape of the bivariate Gaussian 
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Figure 3.7 Variogram analysis for setting up the discrete Gaussian model. (a) Modeled 
variogram of the point-support grades. (b) Numerical calculation of the 
grade variogram regularized on blocks of 10 x 10 x 12 m?. Only the sill of 
this regularized variogram is needed at this stage. 
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Figure 3.8 Global recoverable resources for the analyzed region of the Sur-Sur mine of 
Codelco-Andina. (a) Fraction of ore tonnage and (b) average copper grade 
above cutoff grades ranging between 0% and 3%, for the point support 
(dotted lines) and the block support (continuous lines). 


scatter plots, which supports the hypothesis that the values obtained after the anamo- 
rphosis have not only a univariate Gaussian distribution but also, at least, bi-Gaussian 
distributions. 

In the following, two specific recovery functions are considered: the tonnage (T) and 
the metal quantity (Q) above cutoff z. T and Q are the expected values of the indicator 
lz(y)>z and the grade Z(V) multiplied by the indicator 1z(jy>,, respectively, which are 
functions of the Gaussian transform Yy; and can be written in the general form ọ(Yp). 
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Figure 3.9 Binormality of the normal scores of the sampled copper grades. Lagged 
scatter plots for a separation distance of (a) 20 m and (b) 100 m (omnidi- 
rectional calculations, with a tolerance of +2.5 m in each case). 


The determination of the recoverable resources of a specific block V therefore amounts 
to predicting a function @(Yy) by using the point-support data in and around V. 

The discrete Gaussian model presented in the previous section can be generalized if 
the random fields Ypy and Y(x) (with a point support x randomized uniformly in V) are 
jointly multi-Gaussian. It is then possible to calculate the expectation of ọ(Y p) for any 
block V, conditionally on the available data on Y(x): 


lo] = Joo +09 1) e(nde, 612 


where y and of stand for the simple kriging of Yp from the data on Y(x) and for 
the standard deviation of the simple kriging error, respectively. Interestingly, this pre- 
dictor (3.12), known in the literature as the ‘conditional expectation’ (Rivoirard, 1994) 
or as ‘multi-Gaussian kriging’ (Verly, 1983; David, 1988), is often absent in geostatis- 
tical software. One reason invoked by a developer of such software is the difficulty of 
programming the integral (3.12). However, we realized that this integral, like the one 
in (3.11), can be rewritten as an expansion into Hermite polynomials, which allows 
its straightforward calculation. The reader is referred to Rivoirard (1994) and Emery 
(2005b) for details on how to perform the variogram analysis required for kriging and 
on the formulae to calculate the recoverable tonnage and metal by multi-Gaussian 
kriging. 

As an illustration, Figure 3.10 maps the results associated with a cutoff of 0.5%, 
for the blocks located on the bench with elevation 3,922 m. These maps cannot be ob- 
tained by applying the cutoff to the kriged copper grade, which would deliver biased 
predictions, as mentioned due to the smoothing effect of kriging. 
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Figure 3.10 Recoverable resources for the analyzed region of the Sur-Sur mine of 
Codelco-Andina (I of 2). Multi-Gaussian kriging of (a) the ore tonnage 
and (b) the metal quantity above a 0.5% cutoff grade, for blocks of 10 x 
10 x 12 m? located on the bench of elevation 3,922 m. 


3.2.2 Weakening the stationarity assumption 


The central part of the region, where the high grades are found, has the highest 
values of tonnage and metal quantity above the cutoff. However, some occurrences 
of high tonnages and metal quantities also appear at the edge of the region, particu- 
larly in the northeast corner where the drill-hole data are scarce. In this corner, the 
multi-Gaussian kriging, based on a simple kriging of Yp that converges to the average 
0 when one moves away from the data, provides results close to the global tonnage 
and metal quantity above the 0.5% cutoff grade. These global values are high because 
the average copper grade in the region is about 0.9%, more than the cutoff. Again, it is 
the stationarity hypothesis that is questioned here, according to which the Gaussian 
random fields at the point and block supports have a zero mean in the entire space. 
Can this hypothesis, too stringent, be weakened? 

At the time of the study (2002), a solution existed when the function @ to be 
evaluated was an exponential, a special case known as ‘lognormal kriging’: one 
can then assume that the mean is constant only locally, at the scale of the kriging 
neighborhood, but varies at the scale of the entire region, and substitute the sim- 
ple kriging PE with ordinary kriging ye and the simple kriging variance (of) 
with the ordinary kriging variance (op | plus twice the Lagrange multiplier pox of 


the ordinary kriging system, which still provides an unbiased predictor of exp(Yy) 
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(Rivoirard, 1994). Curiously, no point in the proof of this disruptive result uses the 
particular properties of the exponential function involved... This is how we discov- 
ered (Emery, 2005b) that an unbiased predictor of ọ(Yp) for any function @ can be 
constructed by setting: 


[ow] = fol are +(c (oP +24? recor 6.13) 


The application of such an ‘ordinary multi-Gaussian kriging’ to the Codelco-Andina 
data shows an improvement of the predictions in the edge of the region (Figure 3.11): 
the ore tonnages and metal quantities obtained are now lower, which is consistent 
with the geological intuition, as the mineralization is concentrated in the center of 
the region. The undersampled edge in the east corresponds to granodioritic rocks 
of low copper grade. The maps in Figure 3.11 provide the geologists and mining 
engineers with a quantification of the recoverable resources (ore tonnage and metal 
tonnage) on a block-by-block basis, accounting for the cutoff grade used to distin- 
guish ore from waste, while the smooth block model constructed with block kriging 
would overestimate these tonnages. As for the assessment of the global resources, 
it is necessary to multiply the calculated ore and metal tonnages (expressed here in 
percent) by the tonnage of a block (approximately 3,000 tonnes if one considers a 
rock density of 2.5 t/m*) and to divide by one hundred, in order to get these tonnages 
expressed in tonnes. 
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Figure 3.11 Recoverable resources for the analyzed region of the Sur-Sur mine of 
Codelco-Andina (2 of 2). Ordinary multi-Gaussian kriging of (a) the ore 
tonnage and (b) the metal quantity above a 0.5% cutoff grade, for blocks 
of 10 x 10 x 12 m? located on the bench of elevation 3,922 m. 
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3.2.3 Discussion: prediction and quantification of 
uncertainty 


The tonnage of a block V above a cutoff grade z is obtained by predicting the indi- 
cator 1 zy)>-. By varying the cutoff on the set of positive real numbers, an estimate 
of the complementary cumulative distribution function of the block grade is ob- 
tained. In this case, the multi-Gaussian kriging expressions (3.12) and (3.13) simplify 
as follows: 


ont =o ee? | (3.14) 
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where Gis the Gaussian cumulative distribution function and y is the transform of z by 
the block-support anamorphosis oy defined in Eq. (3.10). 

Viewed as two functions of z, are they also able to measure the uncertainty in the true 
block grade? The answer is positive in the case of [1 z(yy>z J’, but negative for [1 ZAV)>2 T. 
In particular, if a single data is available in the kriging neighborhood, the ordinary 
kriging predictor is equal to this data and the ordinary kriging variance is equal, up to 
the sign, to twice the Lagrange multiplier, so that the denominator in the right-hand 
side of Eq. (3.15) cancels out: lzm] is therefore a step function (i.e., an indicator) 
and does definitely not measure the uncertainty on Z(V). Therefore, formula (3.15) can 
be used to predict the ore tonnages, but not to simulate the block-support grades or to 
measure their uncertainty. 


(3.15) 


3.3 Synthesis 


As a synthesis of this chapter, the calculation of recoverable resources above a given 
cutoff grade is biased if one relies upon the smooth block model established on the 
basis of exploration drilling data. This calculation can be carried out analytically, 
without bias, by using the discrete Gaussian model, both at the scale of the entire 
deposit and for each individual block, without resorting to conditional simulation 
techniques that are more difficult to set up and more demanding in hypotheses, in 
particular, of stationarity. It is imperative to take into account the change of support 
between the drill-hole samples and the blocks, which causes ore—waste dilution and a 
loss of selectivity. 

Tables 3.1 and 3.2 summarize the main results related to the calculation of the recov- 
erable resources, globally and locally on a block-by-block basis. 


Grades and recoverable resources 


65 


Table 3.1 Summary of the global estimate of recovery functions by the discrete 
Gaussian model 


Objective 


From point-support exploration data, estimate, at the scale of the 
entire deposit, the recovery functions of the production blocks 


Preferred approach 


Discrete Gaussian model 


Restrictions of use 


Stationarity of the univariate grade distribution, i.e., invariance 


of this distribution by a translation in space 


Stages for 
implementation 


Table 3.2 Synthesis of the local prediction of recoverable resources by the discrete 


|. Gaussian anamorphosis 


o Weight the data to compensate for irregularities in the 
spatial sampling design 

o Calculate the experimental point-support grade 
distribution 

o Transform it into a standard Gaussian distribution 

o Expand the anamorphosis into Hermite polynomials 


2. Determination of the change-of-support coefficient 


o Calculate the (weighted) experimental variogram of the 
point-support grades 

o Fit a variogram model 

o Calculate the variance of the block-support grades by 
regularizing the modeled variogram 

o Derive the change-of-support coefficient 


3. Calculation of global recovery functions: ore tonnage and 
metal quantity 


Gaussian model 


Objective 


From the point-support exploration data, predict the fraction of ore 
tonnage lz(y)>z and the metal quantity Z(V)!z;y)>z for any block V 


of the deposit and any cutoff grade z 


Preferred approach 


Multi-Gaussian kriging 


Restrictions of use 


e Disseminated deposit, compatible with a diffusion (multi- 


Gaussian) random field model 


e Small blocks, for which the randomization of the sample 


positions in the blocks induces little loss of information 
e Local stationarity of the grade 


Stages for 
implementation 


|. Anamorphosis of the point-support grade and calculation of 


the change-of-support coefficient (Table 3.1) 
2. Validation of the bi-Gaussian assumption for the point- 


support transformed data, for example, by examining their 


lagged scatter plots 
3. Variogram analysis of Yy 


4. Multi-Gaussian kriging, preferably assuming that the mean 


values of the transformed grades are unknown to obtain a 
robust prediction against spatial variations of these means 


(Eq. 3.13) 
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The block model is one of the main inputs of the long-term or strategic planning 
process. The objective is to define, for the life of the mine, which blocks should be 
extracted, when, and what should be their destinations (mineral concentration plant, 
heap, dump, stockpile, etc.), the usual objective being to maximize the net present 
value (NPV) of the mining project and to limit its risks. 
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Planning techniques depend on the mining method. In open-pit mining, they are 
carried out through the following stages (Hustrulid et al., 2013): 


e Economic valuation of the blocks: The value of a block depends not only on the 
grades of the main products, by-products and contaminants it contains but also 
on the rock density, the metallurgical recovery (fraction of the metal content that 
can actually be recovered), the metal sale price, the sale costs, extraction costs and 
processing costs. The rock density can vary depending on the rock type or on the 
block grade (as it happens, in particular, in iron deposits), and the extraction and 
processing costs can be a function of the position of the block in the deposit and 
of its lithological and mineralogical properties. 

e Determination of the ultimate or final pit of the open-pit mine, that is, of the ge- 
ometric contour of the mine at the end of its lifetime (Figure 4.1a): This contour 
allows estimating the amount of extractable ore from the deposit, defining the eco- 
nomic duration of the exploitation, sizing the facilities and equipment necessary 
for production and planning the production capacity. 

e Determination of exploitation phases that divide the final pit into successive inter- 
mediate pits, also known as pushbacks (Figure 4.1b): These nested pits can be ob- 
tained, for instance, by calculating the ultimate pits associated with increasingly 
lower prices of the produced metal(s) or with increasingly higher cutoff grades. 

e Definition of the mining strategy, corresponding to the sequence according to 
which the blocks will be extracted, from the origin of the exploitation until the 
final pit is reached (Figure 4.1c). 

e Definition of a production schedule, which details the quantities of extracted ma- 
terial (ore and waste), their destinations, ore grades and economic values (cash 
flows) for the entire life of the mine, in general, by annual periods. 


(a) (b) 


Figure 4.1 Planning an open-pit mine. Schematic vertical section: (a) final pit of the 
mine, (b) phases or pushbacks, (c) mining strategy or block extraction 
sequence. (Credit: Mohammad Maleki.) 
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A comment on vocabulary: the production schedule defines the ‘ore reserves’, that 
is, the extractable fraction of measured or indicated resources, taking into account 
numerous technical—economic criteria: accessibility of the resources, grades of the 
products and by-products, presence of contaminants, geological and metallurgical 
characteristics, sale prices of metals, and legal, social and environmental considera- 
tions, among others. 

The long-term planning is a problem of optimization under restrictions: it aims to 
maximize the benefit (NPV of the mining project) subject to restrictions on the extrac- 
tion of the blocks: for example, the maximum slope angle, the precedence relationships 
between the blocks due to their locations in the deposit, or the maximum capacity of 
the mineral concentration plant. The combinatorial of such a problem is considerable, 
especially since the deposit can be discretized into several millions or tens of millions of 
blocks, each of which is characterized by one to several tens of geological, geotechnical 
and geometallurgical variables. Therefore, in general, it is necessary to resort to nu- 
merical analysis techniques such as operational research techniques and graph theory. 

In addition, the maximization of the benefit does not guarantee that this benefit 
will be achieved in reality, or even that the mining project will be successful, insofar 
as several of the parameters used to value the blocks are not known with certainty, in 
particular: 


e the future values of the costs and sales price of the produced metal(s): this is the 
‘market uncertainty’; 

e the geological properties, including the grades and rock types, which will be re- 
ferred to as the ‘geological uncertainty’ hereunder. 


The question then arises to quantify the impact of such uncertainties on the mining 
plan. The plan should be not only optimal but also robust against happenstances or 
hazards. Concerning market uncertainty, a common practice is to use different cost 
and price scenarios — optimistic, intermediate, pessimistic. For geological uncertainty, 
scenarios can also be constructed by geostatistical simulation, which will be illus- 
trated in the Ministro Hales deposit (MMH) already visited in Chapter 1. 

The next two sections present, on the one hand, the geostatistical modeling and 
conditional simulation of the grades of five elements of interest in a sector of the 
Ministro Hales deposit and, on the other hand, the foundations of long-term plan- 
ning and its application to determine a final pit and a production schedule based 
on a reference block model, namely the average of the grade simulations. The re- 
sults are combined to study the impact that geological uncertainty may have on the 
production schedule so defined. The penultimate section presents some thoughts to 
optimize the final contour of the mine, no longer on the basis of a reference block 
model, but on the basis of a set of simulations that reflect the geological uncertainty. 
The last section addresses the problem of the classification of mineral resources and 
ore reserves. 


4.1 Modeling geological uncertainty in MMH 


The exploration drill-hole database contains over 50,000 samples composited at a 
length of 1.5 m. The available information corresponds to the grades of one main 
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product (copper), two by-products (molybdenum and silver) and two contaminants 
(arsenic and antimony), as well to the rock types and mineral zones (Tables 4.1 


and 4.2). 
The following 


study (Montoya et al., 2012) is limited to a sector of the sampled 


area of approximately 700 x 250 x 600 m? (Figure 4.2). The statistics of the grades 
of the selected samples (Table 4.3) show the presence of very high silver, molybde- 
num, arsenic and antimony grades. Furthermore, the correlation between copper and 


Table 4.1 Ministro Hales deposit: rock types 


Code Rock type 

BXC Central breccia 

BXCS Southern central breccia 
BXCW Western central breccia 
CI 0.l < Cu < 0.49 

cs 0.50<Cu<2.50 

MY Myriam breccia 

PMM Mansa Mina porphyry 


Table 4.2 Ministro Hales deposit: mineral zones 


Code 


Mineral zone 


AAS 
BAS 
OXI 
MIX 


Sulfide ore with high arsenic grade 
Sulfide ore with low arsenic grade 
Oxide ore 
Mixed ore 


0 500 1000 
T T 


2000 2000 


1000 1000 


Northing (m) 


0 500 1000 
Easting (m) 


Figure 4.2 Ministro Hales deposit. Sampled area (dark gray) and sector of study (light 
gray). Horizontal projection. 
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Table 4.3 Ministro Hales deposit: statistics of measured grades (sector under study) 


Variable Number of Minimum Maximum Average Variance 
samples 

Cu (%) 26,004 0.00 30.34 1.24 3.26 

Ag (g/t) 25,022 0.01 2,143.6 27.21 2,558.2 

Mo (g/t) 23,214 0.92 4,894.4 55.58 14,216.5 

As (g/t) 25,311 4.60 1.16 x 10° 1,158.4 1.01 x 107 


Sb (g/t) 10,724 0.92 7,580.8 103.88 1.00 x 10° 


silver grades is 0.73, the correlation between copper and arsenic grades is 0.68, and 
the correlation between copper and antimony grades is 0.61. These correlations can 
be explained by the presence of minerals whose chemical formula contains copper, 
silver, arsenic and/or antimony, in particular: enargite (Cu3AsS,), luzonite (Cu3AsSy), 
tennantite (Cu, Fe);2As4S)3), argentotennantite ((Ag, Cu)j9(Zn, Fe)2(As, Sb)4S;3) and 
famatinite (Cu3SbS,). 

Most of the samples are located in the sulfide mineral zone. Moreover, the distri- 
bution of rock types (facies) turns out to be very irregular, with numerous small-scale 
alternations. A hierarchical approach where the grades would be simulated in each 
facies separately, for example, through a residual indicator model (Chapter 2, Eq. 2.13), 
is discarded in order to avoid dividing the deposit into innumerable objects of little 
thickness. Consequently, the geostatistical modeling is carried out according to the 
following stages: 


e Regularization of the sample length to 6 m. 

e Gaussian anamorphosis of the grades (Cu, Ag, Mo, As, Sb), providing five new 
variables with standard Gaussian distributions. 

e Validation of the bi-Gaussian distributions of the transformed data (elliptic lagged 
scatter plots). 

e Identification of the main directions of anisotropy (NO°E, N90°E and vertical) 
and calculation of the experimental direct and cross-variograms of the Gaussian 
variables: The east-west direction exhibits the lowest spatial continuity, which is 
consistent with the results presented in Chapter 1. 

e Fitting of a linear model of coregionalization with a nugget effect and nested 
exponential structures with a geometric anisotropy (Figure 4.3): Since the mo- 
lybdenum grade is poorly correlated with the other grades, its fitting is realized 
separately and is not shown. As for the other grades (Cu, Ag, As, Sb), the sills 
of the nested structures are fitted with a semi-automatic algorithm (Emery, 
2010). 

e Construction of 40 simulations on a grid with mesh 2 x 6 x 6 m? (Figure 4.4): 
The turning bands algorithm (Matheron, 1973) is selected to build the noncon- 
ditional simulations, which are then conditioned to the drill-hole data by kriging 
(in the case of molybdenum) or cokriging (other grades) (Chilés and Delfiner, 
2012). 
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Figure 4.3 Experimental (points) and modeled (continuous lines) direct and cross- 
variograms of the Gaussian variables along the main directions of anisot- 
ropy (N0°E, N90°E and vertical). 
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number of data: 144609 
average: 1.07 
std. deviation: .41 
coeff. of variation: .38 
maximum: 6.93 
upper quartile: 1.23 
median: 1.02 
lower quartile: .84 
minimum 
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Figure 4.4 Horizontal maps (a, c) and histograms (b, d) of the copper grades reg- 
ularized on a 4 x 12 x 12 m? block support. The subfigures (a) and (b) 
correspond to the average of 40 simulations, and (c) and (d) to a specific 
simulation. (Credit: Carlos Montoya.) 


4.2 Definition of a long-term plan 


4.2.1 Technical parameterization of reserves and optimal contours 


As the first problem of long-term planning, the optimal contour of the mine should 
be determined, at a time when the available information is limited to exploration 
drilling data. A solution to this problem, called ‘technical parameterization of the 
reserves’ by Georges Matheron (1975a—c) and further implemented by Dominique 
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Francois-Bongarcon (1978) and Thierry Coléou (1987), consists in obtaining this best 
final contour in two different stages: 


1. Determination of a family of optimal contours depending on a limited number of 
technical parameters: The final contour that is sought necessarily belongs to this 
family of technically optimal contours, irrespective of the formula used for the 
economic valuation of resources. 

2. Choice of the economic parameters and definition of the best final contour, which 
will be the contour that maximizes the chosen valorization formula, among all the 
previously identified technically optimal contours. 


Let C be the set of possible contours for the mine, for example, the set of all the pits 
that can be excavated in the case of an open-pit operation. For any contour A E C, 
three essential technical parameters are considered: 


e the total extracted tonnage 7,(A), which includes both the ore and the waste; 
e the tonnage of extracted ore 7T,(A); 
e the metal quantity recovered from the ore Q(A). 


It is also assumed that, for given values of the total tonnage t, and ore tonnage tọ such 
that ¢;>1,>0, the technically optimal contour is the one that maximizes the recovered 
metal quantity, that is: 


O' (isto) = sup QCA): T,(A) = t, Toa(A)= to}. (4.1) 


The optimum o” is a nondecreasing function of t, and ¢,, which vanishes at (t, to) = 
(0,0) and is maximum when ż, is the total tonnage of the blocks with nonzero grades 
(Figure 4.5). The question arises of determining O° without comparing all the possible 
contours, which would be prohibitive in terms of computing time. 
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Figure 4.5 Representation of technically optimal contours in the space spanned by 


(Q, tr, to). 
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The idea proposed by Matheron is to replace Q” with its concave envelope Q**, de- 
fined as the lower limit of all the planes tangent to the surface O'(t, to): 


O” (tto) = iof {VO0)+ At +61,} (4.2) 
with 
VA, 2 0, (A,8) = sup {O(A)— XT; (A) - OT, (A)}. (4.3) 
AeC 


While Q” is a stair function, Q% is a piecewise linear function (Figure 4.6). The prob- 
lem of the technical parameterization of reserves amounts to determining the surface 
O(t, to) (Eq. 4.2) or the dual surface y(A, 0) (Eq. 4.3). 

A reformulation of Eqs. (4.2) and (4.3) allows removing the term 0 from the problem 
of optimizing the contour of the mine. Indeed, if m(4) denotes the average grade of the 
ore contained in contour A, then 


Q(A)—-AT,( A) — 97,(A) = To( A) (mA) - 8) — AT, (A) = Q9( A) - AT,(A) (4.4) 
where Qo(A) = T,(A) (m(A) — 9) is the amount of recovered metal associated with the 


grades decreased by 0. The problem of the technical parameterization of the reserves 
then reduces to minimizing the function of a single parameter i: 


YA) = p (BOATA) (4.5) 


In the case of an open-pit operation, the extraction of a block V requires previously 
extracting the blocks located in an area called ‘extraction cone’ of V and denoted T(V) 
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Figure 4.6 (a) Representation of Q? „(stair function) along the tonnage (t; or to) axis, 
(b) Concave envelope Q” (piecewise linear function) that substitutes Q* 
in the determination of the technically optimal contours of the mining 
operation. 
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Figure 4.7 Extraction cone of a block V, representing the set of blocks to be mined 
before extracting V. The shape of the base and the angle of the cone de- 
pend on the geomechanical properties of the rock mass. 


(Figure 4.7). It should be kept in mind that the higher the value of i, the less deep the 
pit to excavate, which corresponds to more unfavorable economic conditions. There- 
fore, each block V of the deposit can be assigned a limit value A(V) such that the block 
belongs to the optimum pit if and only if A<A (V). The optimum pit associated with a 
given parameter is then defined by: 


Cr ={VASAV)}. (4.6) 


The function A thus defined has interesting mathematical properties. On the one 
hand, a block W belonging to the extraction cone of V necessarily belongs to all the 
pits that contain V, so that A(V) <A(W);: the function A is I-increasing, that is, increas- 
ing according to the order relation induced by the definition of the cone T. On the other 
hand, the function A is constant in the zone between two successive optimum pits 
and equal to the average grade of this zone (Figure 4.8). These properties imply that 
the function A is the I-increasing function that is the ‘closest’ to the grade function. 
The determination of T boils down to a problem of projection of the grade function 
in the space of the I-increasing functions. 

To solve this projection problem, several approaches based on maximum closure 
or maximum flow algorithms in a graph, dynamic programming or integer program- 
ming, were developed since the 1960s (e.g., Lerchs and Grossmann, 1965; Matheron, 
1975a, b; Frangois-Bongarcon, 1978; Wright, 1989; Underwood and Tolwinski, 1998; 
Hochbaum and Chen, 2000). By repeating the algorithm for increasing values of the 
à parameter, a series of nested pits is obtained that can guide the definition of the 
phases and the exploitation strategy to reach the final pit and plan the open-pit min- 
ing (Caccetta, 2007). However, these nested pits do not necessarily constitute oper- 
ational or technically realizable phases, in particular because they ignore certain 
geometric conditions for the displacement of the mining equipment, or because a 
slight variation of the parameter à could contribute a considerable volume to mine 
(Bai et al., 2018). 
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Figure 4.8 (a) Block model with their grades or valuations and (b) associated A func- 
tion, equal to the average grade of each gray zone located between two 
optimal pits. Representations of a vertical section with extraction cones 
with a slope angle of 45°. 


4.2.2 Application to MMH: final pit and production schedule 


The definition of the final contour of the open-pit mine is based here on a ‘refer- 
ence block model’, corresponding to the average of the 40 grade simulations con- 
structed in the previous section of this chapter; this average is similar to a cokriging 
of the grades. The algorithm by Lerchs and Grossmann (1965) is used with the 
technical and economic parameters indicated in Table 4.4. The blocks are valued 
by a combination of their copper, silver and molybdenum grades. Once the final 
pit is obtained, a ten-year production schedule with four phases of comparable 
volumes is defined (Figure 4.9). The NPV of the production schedule amounts to 
US$1,204,660,000. 


4.3 Sensitivity of the plan to geological uncertainty 


We now address the questions that motivate this chapter: what impact can geological 
uncertainty have on the production schedule? Is it sure that the production promises 
and the NPV of the long-term plan will be fulfilled? Is this plan robust against uncer- 
tainty in the true grades contained in the deposit? 
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Table 4.4 Technical and economic parameters for the determination of the final pit of 


the mine 


Parameter Value Unit 

Rock density 2.6 (ton/m?) 
Maximum slope angle 50.0 (degrees) 

Copper price 1.3 (US$/Ib) 

Silver price 7.0 (US$/oz) 
Molybdenum price 15.0 (US$/Ib) 

Copper metallurgical recovery 85.0 (%) 

Silver metallurgical recovery 70.0 (%) 

Molybdenum metallurgical recovery 50.0 (%) 

Mining costs Ll (US$/ton) 
Processing costs 6.0 (US$/ton) 

Copper smelting and refinery cost 0.4 (US$/Ib) 

Silver smelting and refinery cost 0.4 (US$/oz) 
Molybdenum smelting and refinery cost 2.0 (US$/Ib) 

Mine investment 1,500 (US$/extracted tpd) 
Processing plant investment 4,500 (US$/ treated tpd) 
Discount rate 10.0 (%) 


The values of these parameters have been adjusted to preserve the confidentiality of the real 


project, without undermining its plausibility. 
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Figure 4.9 Production schedule defined from the reference block model. The gray 
bars indicate the tonnages of ore and waste extracted during the ten years 
of production, whereas the broken lines represent the average annual 


grades of copper (a) and other elements (b). (Credit: Carlos Montoya.) 
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4.3.1 Uncertainty in the grades of the production schedule 


A sensitivity analysis is carried out by applying the production schedule to each of the 
previously constructed grade simulations. In each case, the tonnages of ore and waste 
are the same, but the grade changes depending on the simulation under consideration. 
These changes are summarized in the following curves, obtained for 10 out of the 40 
initially produced simulations (Figure 4.10). Although the reference block model on 
the basis of which the long-term plan is defined smoothes the grades, it is found that 
it accurately predicts (without bias) the grades that will be extracted. This property is 
explained by the absence of conditional bias of the reference block model (Montoya 
et al., 2012). 

In addition, the simulations allow quantifying, for each annual period, the potential 
deviations between the grades of the ore to be extracted and the grades provided by the 
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Figure 4.10 Application of the production schedule to ten simulations interpreted as 
as many geological scenarios. The average grade of each simulation (black 
dotted curve, average of the ten continuous gray curves) coincides with 
the grade obtained from the reference block model (gray dotted curve). 
The plan constructed from this block model therefore provides unbiased 
predictions of the grades that will be effectively extracted. 
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production schedule, as well as estimating the probability that the actually extracted 
grades are greater or less than the planned grades in a certain period. For example, for 
the first period (year 1), three of the ten simulations exceed the expected value of the 
arsenic and antimony grades, indicating a probability of about 30% of not achieving 
the proposed objective for these two grades. 

Too high arsenic or antimony grades have an impact on the quality of the concen- 
trate obtained by flotation of the ore and in the smelter, where a fraction of the arsenic 
and antimony is emitted into the atmosphere. This is the reason why most copper 
smelters apply severe restrictions to the arsenic grades of the concentrates that they ac- 
cept to process. The previous sensitivity analysis is then useful for planning engineers: 
it is not enough for them that the restrictions in the contaminant grades (As and Sb) 
are fulfilled by the reference block model; it is also necessary that they be fulfilled by 
most of the simulations in order to minimize risks. 


4.3.2 Uncertainty in the net present value of the mining plan 


The simulations also allow determining the financial risk of the production sched- 
ule. The NPV calculated with ten simulations coincides, on average, with the value 
calculated using the reference block model, which is again explained by the absence 
of conditional bias of this model and by the fact that, here, the NPV is a piecewise 
linear function of the grades (Montoya et al., 2012). Variations, positive or negative, 
of the NPV obtained in the simulations can reach up to 20% of the value predicted 
by the reference block model (Table 4.5). This difference, 20%, corresponds to the or- 
der of magnitude of the expected errors made during the prefeasibility and feasibility 
studies, which are aimed at demonstrating the technical and economic feasibility of 
a mining project, while inaccuracies of the order of 30%-—50% may occur at the prior 
conceptual study stage that aims to provide a preliminary description of the project. 


Table 4.5 Uncertainty in the net present value of the production schedule 


Net present value Variation with respect to the 
(MUS$) reference block model (%) 

Reference block model 1,204.66 0.00 

Simulation n° 1,111.80 —8.35 

Simulation n°9 1,173.17 2.68 

Simulation n°10 1,247.11 3.40 

Simulation n°19 1,186.56 —1.53 

Simulation n°27 1,028.60 —17.12 

Simulation n°31 1,507.65 20.10 

Simulation n°33 1,326.84 9.21 

Simulation n°35 1,269.28 5.09 

Simulation n°37 1,340.93 10.16 

Simulation n°39 1,034.75 —16.42 

Average 1,222.67 1.47 


The value calculated in a simulation may differ from the value calculated in the reference block 
model by up to MUS$300, representing 20% of the reference value. However, on average over ten 
simulations, the calculated value is very close to the value of the reference model, which therefore 
delivers an unbiased prediction of the true value 


80 Long-term planning and reserves 


4.3.3 Discussion 


The previous results highlight the importance of the absence of conditional bias of 
the block model used in long-term planning, a property that can be used to predict 
without bias the grades to be extracted and the NPV of the mining project. In general, 
the absence of conditional bias is emphasized for short-term planning, when deciding 
the destination of the extracted blocks, but it is rarely mentioned as a significant factor 
for long-term planning, which, however, is an important property. It should be remem- 
bered that, often, conditional bias is caused by a poor design of the moving neighbor- 
hood used in kriging or cokriging (see Section A.3 in Appendix). 


4.4 Looking for the optimal final contour 


In the previous section, a mining plan was sensitized to different geological scenarios 
to quantify the changes in tonnages, average grades and NPVs that can occur between 
one scenario and another. But the long-term plan has been defined from a smoothed 
block model and has no reason to be the optimal plan for each scenario. 

The search for an ‘optimal’ plan that incorporates geological uncertainty in open- 
pit mining is not trivial, since the algorithms for determining the final pit (Eq. 4.6) and 
the successive intermediate pits are formulated for a unique block model containing 
the information of the block grades. 

Of course, it is always possible to apply these algorithms to several geological sce- 
narios obtained by conditional simulation. The final pits and production schedules are 
compared based on waste tonnages, ore tonnages, ore grades and NPVs. An example 
for the Ministro Hales deposit is shown in Table 4.6. It is seen that the ore grades in 
the final pit are higher and the ore tonnage is smaller when the final pit is optimized 
in each simulation instead of the reference block model that corresponds to the simu- 
lation average. These differences, which have a significant impact on the NPV of the 
mining project, are explained by the smoothing effect caused by averaging simula- 
tions: the occurrence of intermediate grades increases (high and low grades become 
scarcer), which causes an increase in the tonnage above the cutoff grade that defines 
the ore and a decrease in the average grade of this ore. 

Hence, the final pit that the planning engineer usually calculates from a smoothed 
block model is far from being optimal. In the previous example, the NPV obtained with 
the reference block model (Million US$ 1,204.66) can overestimate or underestimate 


Table 4.6 Results of the optimization of the final pit, for the reference block model 
(average of 40 simulations) and for two specific simulations 


Reference block Simulation n°31 Simulation n°39 


model 
Total extracted tonnage (Mton) 547.16 562.82 358.16 
Ore tonnage (Mton) 181.68 157.84 121.30 
Copper grade (%) ILLI 1.42 1.25 
Silver grade (g/t) 22.66 30.47 26.19 
Molybdenum grade (g/t) 71.73 74.40 70.41 
Arsenic grade (g/t) 973.37 1,167.51 1,191.14 
Antimony grade (g/t) 83.62 102.81 100.87 


Net present value (MUS$) 1,204.66 1,507.65 1,034.75 
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by up to 20% the value of a production schedule developed on the basis of a single sim- 
ulation. This percentage represents the order of magnitude of the financial uncertainty 
of the mining project due to uncertainty in the grades. 

An adaptation of a well-known algorithm to determine the final mining pit, the so- 
called ‘floating cone’ method (Carlson et al., 1966), which allows the optimization of 
the pit over a set of geological scenarios, is presented in the following. This adaptation 
was originally proposed by Reyes et al. (2012) and Reyes (2017). 

The floating cone is an iterative algorithm based on the geometric shape of the ex- 
traction cone of a block (Figure 4.7). At each iteration, a new cone is placed in a block 
chosen at random in the block model: if this cone improves the economic value of 
the pit, it is accepted and the pit is increased with this cone; in the opposite case, the 
cone is rejected and the pit is not modified. A known drawback of the algorithm is 
that it does not necessarily converge toward the optimal pit, a drawback that can be 
eliminated using the so-called ‘simulated annealing’ technique. Let us consider the 
following ingredients: 


e an initial state: a pit equal to the empty set; 

e atransition kernel, which allows proposing a new pit from the current pit, consist- 
ing in choosing at random between removing one of the cones of the pit or adding 
a new cone positioned randomly in the block model; 

e an objective function O that, for any possible pit, measures its ‘value’; 

e a positive scalar ¢(0) known as the initial ‘temperature’; 

e a ‘cooling schedule’, that is, a decreasing function that indicates, for iteration k, 
the temperature ¢(k) used for this iteration, for example, t(k) = ¢(0) e* with e<1; 

e astopping criterion that can be, for instance, the maximum number of iterations. 


At iteration k, the transition that improves the objective function is always accepted, 
as in the original floating cone algorithm. However, a transition that deteriorates the 
objective function is not always rejected: it is accepted with probability exp(-AO/t(k)) 
where AO represents the deterioration of the objective function (loss of value of the pit). 

This algorithm allows two other notable improvements for the definition of the pit. 
The first one is the incorporation of geological uncertainty through the definition of 
the objective function. In fact, this function allows not only the valuation of a pit for 
a single block model but also its valuation for a set of geological scenarios obtained 
by simulation. This could be, for example, the value of the pit obtained on average in 
all the scenarios, or the worst value if the planning engineer has a strong aversion to 
risk. In summary, the choice of the objective function can incorporate the planner’s 
preferences or the policy of the mining company. 

The second improvement refers to the operationalization of the final pit. Defining a 
pit as the union of extraction cones as shown in Figure 4.7 is only an approximation to 
the problem of designing an open-pit operation. Spiky cones provide a global geome- 
chanical stability of the pit, but not its operational capacity: a minimum basic contour at 
the bottom of the mine should be considered to operate the excavators and the vehicles 
that transport the extracted material, as well as a minimum bench height and protection 
and containment berms to ensure slope stability. Instead of spiky cones, it is possible to 
apply the floating cone algorithm with more realistic objects (pseudocones) that include 
these geometric characteristics (Figure 4.11). Likewise, the application of mathematical 
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Figure 4.11 Pseudocone including a minimum base (pseudoellipse similar to a rectan- 
gle with rounded angles), a ramp and benches with walls of fixed height 
and with safety berms. (Credit: Manuel Reyes.) 


morphology tools (dilation, erosion, opening and closing) can be useful to eliminate pro- 
tuberances or cavities with acute angles and to smooth the contour of the pit obtained 
(Reyes, 2017; Bai et al., 2018), so that it is not only optimal but also operational. 

The previous example is intended to provide an overview of the potential of geosta- 
tistical tools, in particular, of conditional simulation, when combined with optimiza- 
tion techniques to define the final contour of the mine, the extraction sequence and the 
production schedule. 

For more than one decade, an important research effort in ‘stochastic mine plan- 
ning’ has been carried out, where the long-term plan is no longer defined on the basis 
of a single smooth block model, but on the basis of many geological scenarios that 
represent geological uncertainty (Dimitrakopoulos, 2007, 2011, 2018; Dimitrakopou- 
los and Ramazan, 2008; Espinoza et al., 2013a, b; Marcotte and Caron, 2013; Vargas 
et al., 2014; Aguirre et al., 2015; Moreno et al., 2017; Maleki et al., 2020). 


4.5 Classification of mineral resources and ore reserves 


Planning in the long term also means converting mineral resources into ore reserves. 

The technical and public reports on the prediction of resources and reserves should 

consider several categories according to the degree of confidence in the prediction. 
For the mineral resources, three categories are defined: 


e ‘measured’ resources, predicted with a significant confidence; 
e ‘indicated’ resources, predicted with a reasonable confidence; 
e ‘inferred’ resources, predicted with a low confidence. 


The ore reserves are divided into two classes: 
e ‘proven’ reserves, originating from measured resources; 


e ‘probable’ reserves, originating from indicated resources, but sometimes also 
from measured resources. 
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The definition of the categories is a very subjective exercise, with greater reason 
because the international codes giving the classification guidelines do not provide an 
exact definition of the concepts of significant or reasonable confidence, leaving the 
definition in the hands of an expert called a ‘competent’ or a ‘qualified’ person, a stat- 
ute that is acquired by affiliation with a professional association or the cooptation of a 
peer, as well as by the justification of an adequate university degree and a regular and 
consistent industrial mining practice. 

It is worth noting that nothing in these codes indicates how to make the predictions, 
or sometimes in a very relaxed way, which gives a considerable amount of latitude to 
these calculations and places results obtained in very different ways at the same level. 
In the absence of being able to propose a universal classification criterion, we here 
limit ourselves to a few thoughts: 


e  Geostatistics provides a set of tools and techniques to measure the uncertainty 
in the grade of each block of the deposit. Some practitioners use the variance of 
the kriging error, whereas others prefer the variance obtained on a set of con- 
ditional simulations, the conditional coefficient of variation (square root of the 
conditional variance divided by the average of the simulated grades), the width of 
a given probability interval or the width divided by the average value, to name a 
few examples. 

e The classification is sensitive to the chosen uncertainty measure and to the thresh- 
old values used to separate the categories (Emery et al., 2006). In particular, there 
is no one-to-one relationship between the above measures. 

e The classification is also sensitive to the support of the mining block (David, 
1988). The uncertainty on the grades can be reduced for a large block but becomes 
high when this block is subdivided into smaller ones, especially if the spatial grade 
correlation is low. In practice, the uncertainty measure is often established for a 
block support considered relevant for the technical and economic evaluation, for 
example, a quarterly, semiannual or annual volume of production. 

e The quality of the sampling, from the geological mapping of the drill-hole cores 
to the chemical analysis of the grades, the degree of knowledge of the geology of 
the deposit and the quality of the interpreted geological model must be taken into 
account when classifying the mineral resources. In the case of the ore reserves, one 
should also consider the degree of knowledge of the modifying factors, including 
the economic factors and the factors related to the mining, mineral and metallur- 
gical processes (Müller and de Nordenflycht, 2006). 
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Regardless of whether the extracted ore is processed by flotation (sulfide ore) or by 
heap leaching (oxide ore), it is important, during production, that essential proper- 
ties such as the grades, lithology or mineralogy be kept as close as possible to those 
for which the metal recovery is maximum. The ‘ore control’ aims at classifying the 
extracted blocks according to their geological and geometallurgical properties, with 
the objective of guaranteeing the economic grade of the ore sent for treatment, while 
minimizing the fluctuations of these properties. It may be necessary to mix ores from 


Short-term mine planning 85 


several blocks before sending them to treatment, which implies managing stockpiles 
with well-defined characteristics. 

In open-pit mining, ore control is carried out on the basis of information from ‘blast 
holes’, in addition to the exploration drill holes. Already evoked in Chapters 2 and 3, 
the blast holes are realized on a fine mesh, of the order of 5-10 m, in order to introduce 
the explosives that will fragment rock for extraction (Figure 5.1). The ore control op- 
eration includes an analysis of the material extracted from the hole, in particular, an 
assessment of its grade and/or its mineralogy. 

The following are two examples of the use of blast-hole data for short-term plan- 
ning and production management. The first concerns the joint modeling of the copper 
grades measured in drill-hole samples and blast holes and their use to update the block 
model. The second example is interested in the mineralogy of the ore sent to treat- 
ment (heap leaching) and in estimating the risk of excess of given minerals — copper 
clay and copper wad — that have a negative influence on the copper recovery and acid 
consumption. 


Figure 5.1 Blast holes. (a) Perforation and extraction of rock fragments using a radial 
tray. (b) Recovery of a sample (of the order of 20 kg) from the fragments 
contained in the radial tray. (c, d) Detritus of rock fragments (a few 
tonnes) around the hole into which an explosive charge will be introduced 
to fragment the rock. (Credit: Eduardo Magri.) 
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5.1 Updating the block model for production 


In Chapter 2, the blast-hole grades were used to calculate an average value of each 
block considered as the reality and to decide the destination of the blocks to be mined, 
which is a generalized practice in the mining industry. The question here is to know if 
these measurements can really serve as a reference and how consistent they are with 
the measurements from the diamond drill holes, which are considered more reliable. 

The two types of measurement already differ in the length of their cylindrical sup- 
port: of the order of 15 m for blast holes, against 3 m for the drill-hole measurements in 
our example. The diameters of the blast holes and drill holes are small (a few centime- 
ters to tens of centimeters) and play a secondary role compared with the length of the 
measurement. If the information on drill holes and blast holes is consistent, it should 
be possible to link it to their respective supports through regularization formulae, al- 
lowing combined use of both measurements to update the block model, initially built 
on the basis of drill-hole data, at the time of exploitation. The challenge of this study 
is important. 

The literature on the subject is rather poor, except for an interesting work by Jacques 
Deraisme and Marius Strydom: two types of measurements (percussion and diamond 
drill holes) of the same grade are used together. In this case, the essential difference 
is due to sample quality, and sample support does not intervene (Deraisme and Stry- 
dom, 2009). One has to go back to 1995 to find the problem as presented here. For 
the Chuquicamata mine, Danie Krige and Peter Dunn studied the possible biases be- 
tween drill-hole and blast-hole measurements and found that they were consistent on 
average, without involving their support. In conclusion, they proposed a cokriging 
of the two types of measurement, while foreseeing that the improvement would not 
be of primary importance, which will be revealed to be true (Krige and Dunn 1995, 
and Chapter 8). On the other hand, another study carried out by Pedro Carrasco in 
a gold deposit showed significant differences between drill-hole data and blast holes, 
explained this time by the differences in support between both types of measurement 
(Carrasco, 2010). 


5.1.1 Data, method 


Let us go back to the Radomiro Tomic mine, where an area has been selected for its 
homogeneous sampling by drill holes and blast holes. Four times more numerous than 
the drill-hole samples, the vertical blast holes are distributed in space differently: they 
are separated 10 m horizontally and an average of 15 m vertically, which explains the 
black horizontal bands in the vertical projections of Figure 5.2. In contrast, most of 
the drill holes are distributed in east—west vertical planes and sampled every 3 m, being 
horizontally separated by about 50 m. The properties observed in these data lead to 
linear kriging or cokriging systems that are tested in a very fine simulation where the 
average grade of 15 x 15 x 15 m? blocks is assumed to be known with certainty and 
constitutes the ‘reality’ against which the predictions are compared. 

This study is based on the equality between the mean grades of blast holes and drill 
holes. If this is not the case, the use of the sampling theory, which will be addressed 
in Chapter 8, is essential to reduce the bias to a reasonable level, an extraordinary but 
confidential work done by Francis Pitard for Codelco prior to this study. 
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Figure 5.2 Projections of blast-hole and drill-hole measurements. Light gray: the 
drill-hole measurements (support 3 m); black: the blast-hole measure- 
ments (support 15 m). 


5.1.2 Comparison 


The verifications are based on the variogram, the cornerstone of the prediction, in a 
process that had its fashion in the 1970s (Matheron, 1971; Huijbregts, 1971; Journel and 
Huijbregts, 1978). Starting with the variogram of the measurement known on a first 
support (here, the 3 m drill-hole samples), the underlying point-support variogram is 
derived by theoretical deconvolution (i.e., regularization) and then transformed to the 
second support (15 m for blast holes) by convolution, to verify whether the theoretical 
result corresponds to the experimental variogram of the blast-hole data. Since these 
calculations are based on numerical approximations, the opposite can also be done 
(starting from the large support to reach the small support). 

The calculations are tedious. Two cases must be distinguished, depending on 
whether the regularization is parallel or perpendicular to the direction of the vector 
that links the pairs of measurements involved in the calculations. Nomograms like the 
one in Figure 5.3 can be used. These nomograms are barely legible because no one has 
bothered to redraw the charts dating back to Jean Serra’s work in 1967. 

It was a surprise to discover, during this study, that Serra, the founder of mathemat- 
ical morphology with Georges Matheron, wrote in his youth more than 500 pages on 
the subject, which can no longer be found in any of our institutional libraries. EBay 
offered an ‘as new’ copy, which was purchased for a small amount of money quickly 
sent to a retired Québec geologist. 

Figure 5.4 shows the results. In both cases (vector parallel or perpendicular to the 
direction of the drilling), the shape of the curves is good, but the theoretical nugget 
effect (0.01) associated with the support of 15 m is underestimated. It should be in- 
creased to 0.03 for the theoretical and experimental variograms to match. When the 
calculations are carried out starting from the blast-hole data, the theoretical nugget 
effect obtained is not much more credible (Séguret, 2015). 

The conclusion is that one part of the nugget effect measured on both supports is 
due to specific measurement errors of each support, whereas the other part repre- 
sents the natural microstructure in which the regularization rules should be applied. 
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Figure 5.3 Example of nomogram to calculate regularized variograms, here an expo- 
nential model whose calculation direction is perpendicular to the direc- 
tion of regularization. ‘L’ is the calculation distance (to be standardized by 
the parameter ‘a’ of the model), and ‘I’ is the size of the support. (Credit: 
Jacques Laurent, draftsman of the Center of Geostatistics at Paris School 
of Mines, end of the 1960s.) 
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Figure 5.4 Deconvolution and convolution. Deconvolution of the variogram of the 
drill-hole samples (3 m support), and then convolution to the support of 
the blast holes (15 m). The result is presented in dotted lines; the con- 
tinuous curve is its vertical shift of 0.02; the points are the experimental 
variograms of the blast holes. (a) The calculation in the direction of regu- 
larization (vertical). (b) Calculation direction perpendicular to it. 


To separate these two parts and to detect the amount that both types of measurement 
share, a bivariable analysis is necessary. In this case of pure ‘heterotopy’ (no measure- 
ment of both types is present at exactly the same location), it would be necessary to 
use centered covariances, the existence of which assumes second-order stationarity 
that is not possible here due to the presence of a linear component (without a sill) in 
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Figure 5.5 Data migration. (a) At each drill-hole sample (point), a blast-hole (cross) 
measurement is migrated when the distance does not exceed l0 m. 
(b) Triangles: experimental variogram of drill-hole samples; points: 
variogram of migrated blast holes; asterisks: cross-variogram between the 
two types of measurement, with a slight negative nugget effect. The near 
absence of a cross-nugget effect shows that the copper grades do not have 
a microstructure. 


the variograms. Since the use of the covariance is not permissible, it seems better to 
calculate cross-variograms, which requires using the migration trick: move the meas- 
urement of the nearest blast hole to each drill-hole sample, as long as the distance 
does not exceed a threshold, as small as possible (10 m here), the one that allows 
obtaining sufficient measurement pairs (Figure 5.5a). This practice is debatable: if it 
were a true ‘natural’ nugget effect, by moving a measurement only | mm, any spatial 
correlation with its counterpart would be destroyed. But the true nugget effects are 
scarce. Will they exist in this type of deposit? The geologists’ answer is negative: they 
sometimes observe microstructures with a range of a few meters. Since the migrations 
involve distances ranging from a few decimeters to a maximum of 10 m, with an av- 
erage of about 5 m, a slight alteration of the correlations is expected, but not what 
is observed in Figure 5.5b: a drop to zero (or even to a slightly negative value) of the 
cross-correlation. 

The model that emerges, therefore, is to give each type of measurement its own 
error: 


Zplast (X, y, Z) = Z(x,y,Z) * Pism(Z)+ R(x, y,z) (5.1) 
with 


* ZL plast(X, y, Z), the grade measured in the blast hole centered at the location with 
coordinates (x, y, Z); 

e Z(x, y, Z), the true point-support grade, without measurement error, at the loca- 
tion with coordinates (x, y, Z); 

e * the convolution product; 
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. Z(x,y,2)* Pism(2)= Í Z(x. y, 1) Pism (Z — u)du; 

*  Dism(Z)= 4! ots (| zI), the convolution function; 
F 
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e R(x, y, Z), a white noise residual, statistically and spatially independent of Z(x, y, z), 


representing a measurement error with variance oR. 


The variogram of Zpjast(x, y, Z) is then: 


Yblast (2) = Yism(2) + Yr(h) (5.2) 
with 


e yp(h), the variogram of the measurement error of the blast holes, assimilated to a 
nugget effect with variance oR; 

© ¥15m(A)=(y * Pism) (A) - (y * P15m)(0), the variogram regularized to a vertical support 
of 15 m; 

e y, the underlying point-support variogram; 

e  Pism(h) (with an uppercase P), the variogram regularization function, which is 
written as the self-convolution of pism (lowercase): 


Pism(h) =(Pism * Pism) = ar (15- |h- |) lpo,15 (| Az |) with h = (hx, hy, hz). 


Similar equations are obtained for the drill-hole samples by replacing 15 m with 3 m 
and by introducing another residual R'(x, y, Z). 


5.1.3 Predictions 


Equations (5.1) and (5.2) allow performing interesting operations, such as filtering the 
measurement error by factorial kriging analysis (Matheron, 1982) or eliminating from 
the blast holes the effect of regularization by ‘deconvolution’ in order to predict a 
point-support value, an opportunity to update some little known works on how to 
increase the resolution of scanner images (Séguret, 1988a, b; Le Loc’h, 1990), works 
taken up and published by Jeulin and Renard (1992) and then by other authors such as 
Desnoyers and Dogny (2014). 
The linear systems involved are, in general form: 


Yismt+Y¥r 1 I À Bi Yism + OR | (5.3) 
1 0 u 1 


l moa ; | À J- Y* Pism —(Y* Pism)(0)+ OR | (5.4) 
1 


Short-term mine planning 91 


In Eq. (5.3), which represents the filtering of the measurement error, the variogram 
of the residual yg disappears from the second member of a traditional kriging system 
and is replaced by the nugget effect variance o% , whereas in Eq. (5.4), which represents 
the deconvolution and elimination of the measurement error, the regularized vario- 
gram Yism(A=(y * Pism) — (y * Pism)(0) of Eq. (5.2) that uses the self-convolution 
Pism (uppercase) is replaced in the second member by (y * pjsm)(A) — (Y * P1sm)(0) (Pism; 
lowercase and a single regularization). 

The methods are tested on a simulation, considered as the reality, where all the quan- 
tities are known exactly, whether they are on a point support or regularized on a larger 
support. For simplicity, only the blast-hole data are affected by a measurement error, 
not the drill-hole samples. Figure 5.6c shows the result of a classical kriging that aims 
at predicting, at each measurement point, an underlying point-support value by using 
the data regularized at 15 m: the correlation with the reality is poor (0.55). When the 
measurement error is filtered by kriging (without deconvolution) using the system (5.3), 
the improvement is spectacular, and the correlation increases to 0.78 (Figure 5.6b). 
When the deconvolution is added by solving system (5.4), the performance improves 
again (Figure 5.6a, leading to a correlation of 0.85). Why? 

Since the systems of Eqs. (5.3) and (5.4) correspond to a filtering, the set of points 
used locally in the prediction (the famous ‘kriging neighborhood’; see Section A.3 in 
Appendix) can incorporate the point targeted for prediction; the latter does not receive 
a weight equal to 1, as it would be the case in the classical system of Figure 5.6c, for 
which the target point cannot be included. But this target point, due to its privileged 
position and in this context of filtering, receives a weight of around 0.65. Although 
noisy due to the measurement error, its value is closer to the reality than any average 
based on the surrounding points because it is in the exact location targeted for predic- 
tion. The real interest of these systems is to allow the target point to be incorporated 
into the system, which could give ideas for many applications. 

Let us now address the true objective of the study, the use of data sets known on 
two different supports to predict the average value of a 3,000 m°? block. The developed 
system is a cokriging with unknown but related means (Emery, 2012a), made possible 
by the equality between the average grades of drill holes and blast holes: 


Yam Y3m,15m 1 x Y * P3m * Py — (Y * P3m * Py X0) 
Y3mism  Yism+Yr_ 1 No =| * pism * py —(Y* Pism * py (0) + OR 
1 1 0 u 1 


(5.5) 


where py is the convolution function of block V. The specificity of the related means 
is extremely important: it gives an identical influence to both types of measurements. 
A classical ordinary cokriging system (with unknown and unrelated means) would 
force one of the two types to be chosen as auxiliary, which would considerably reduce 
its influence (Wackernagel, 2003). In the present case, the blast-hole and drill-hole 
measurements are of comparable quality; there is no reason to privilege one type of 
measurement more than the other, with greater reason because the links with their 
respective supports have been accounted for and formalized. 
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Figure 5.6 Deconvolution by kriging. The joint analysis of the grades from drill holes 


and blast holes shows coherence, in the sense that, except for the meas- 
urement errors, the algebraic link between these quantities responds to 
the regularization laws. With this acquired fact, some unusual calcula- 
tions can be made, such as filtering the measurement error or predicting 
the grade on an infinitely small support (‘point’) from the known grades 
on a much larger support. To evaluate the performance of these calcu- 
lations, a realistic geostatistical simulation on a fine mesh is used, which 
allows all the calculations to be made accurately and, therefore, to com- 
pare the predictors with the ‘reality’. The cross-diagrams between the 
true point-support values (vertical axes) and their predictions (horizontal 
axes) are presented. All the systems use the known grades in blast holes. 
(a) Kriging with deconvolution and filtering of the measurement error; (b) 
kriging only with filtering; (c) classical kriging. 
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Figure 5.7a shows the comparison between the true block-support averages and 
their prediction by means of a kriging using the few drill-hole samples around the 
target. The result is poor, compared with the same kriging that uses the blast holes, 
four times more numerous (Figure 5.7b). The increase in the correlation with reality 
shows once again the importance of the information, which is so abundant here that 
the incorporation of the drill-hole samples to the blast-hole data barely changes the 
results (Figure 5.7c, cokriging). 
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Figure 5.7 Drill holes and blast holes. Cross-diagrams between the true block-support 
grades (vertical axes) and their predictions (horizontal axes): (a) kriging 
using the drill-hole data; (b) kriging using the blast-hole data; (c) cokriging 
using blast-hole and drill-hole data (system (5.5)). 
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5.1.4 Discussion and perspective 


Should one be disappointed by the lack of effectiveness of cokriging? Not really, because it 
has been tested in an unfavorable condition, where the drill-hole information is immersed 
among a dense group of blast holes. In practice, cokriging could be useful in an extrapo- 
lation context, in an area devoid of blast holes and where a few drill-hole measurements 
would exist, exactly the situation that occurs in short-term planning, when predictions 
are made below the depth of blast-hole sampling. Incorporating such drill-hole data, al- 
though scarce, can be extremely useful as it reduces extrapolation (known to be unrobust) 
and increases interpolation; this is especially beneficial in a context of nonstationarity. 

It is worth mentioning here the work of Alvaro Herrera, who, given the impossi- 
bility of obtaining consistent variograms at the known supports, established a model 
where the blast-hole data are expressed as a linear combination of the drill-hole data 
and an independent residual (Herrera, 2013). It is then possible to consider these two 
types of measurements in a multivariate framework, without using the regularization 
relationships that may exist between both variables. A similar approach is adopted in 
Chapter 8 dedicated to sampling. 

Let us conclude this section with an apparent contradiction: how can one speak of 
‘deconvolution by kriging’, knowing that kriging is nothing else than a convolution on 
a discrete support? In other words, how can we imagine a kriging system producing 
more variability, knowing the smoothing effect? To formalize the response, one must 
use the dual formulation of kriging (Matheron, 1971) and express the solution of the 
system (5.4) in a generic way, where x is the point targeted for prediction: 


e 
Mx) |_[ Yism+Y¥r 1l Y* Pism —(Y* Pism)(0) + OR (5.6) 
u(x) 1 0 1 


The prediction z (x) being a linear combination of the weights y(x) and the data vector 
(z, 0), it comes: 


=f 
z"(x)=( z 0 j G | | CEE A | (5.7) 


This expression involves quantities such as y * pism (a single convolution, less smooth 
model) instead of quantities such as y * Pism (double convolution) for a usual kriging. 
Since the prediction is expressed as a linear combination of a variogram convolved 
once (instead of twice), a less smooth prediction and a deconvolution are obtained. 


5.2 Mineralogy and short-term planning 


We now analyze how geostatistics can help with short-term planning, beyond a simple 
mapping of block-support grades taking into account the differences in support of the 
exploration and production data. In the context of heap leaching for oxidized copper 
ore (see Chapter 7), mineralogy plays a key role, since small variations in the mineral 
abundances can have a great influence on the copper recovery and acid consumption, 
which directly affects the treatment costs. Likewise, in the case of the concentration 
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of sulfide copper ore by flotation, the mineralogy determines the consumption of re- 
agents and the concentrate quality, in particular its copper grade and the grades of 
by-products and contaminants. In any case, the production geologists are interested 
in a predictive model of the mineralogy and in determining the risk of finding some 
undesirable minerals in excess of some threshold. 

The following study is again from the Radomiro Tomic mine, focusing on the area 
of surface oxides where, for each blast hole, the production geologists measured the 
abundance of several minerals. Three of them are considered here: copper clay, ataca- 
mite and copper wad (an oxide or hydroxide of manganese and copper) (Cuadra and 
Rojas, 2001). The measurement corresponds to a semiquantitative visual assessment 
(often a multiple of 5% or 10%) of the abundance of each mineral in relation to all 
oxidized copper minerals. Ten classes of measurements are defined for atacamite and 
copper clay and three classes for copper wad (Table 5.1). Their experimental distribu- 
tions are represented by the histograms of Figure 5.8. Also note that the abundances 
are not independent: the abundance of atacamite has a correlation of 0.40 with that of 
copper wad and —0.44 with that of copper clay. 

The objective of the study is not only to map the minerals abundances, which can be 
achieved by cokriging, but also to determine, for each mineral, the probability that the 
extracted material belongs to a given class. Such a probability is useful for defining the 
ore mixtures that will be sent to the heap leaching process to improve recovery and to 
minimize acid consumption costs. 

The three discrete regionalized variables under study are subject to order relation- 
ships between classes: provided that there is some spatial continuity, two adjacent lo- 
cations should belong to the same class or to two contiguous classes. Therefore, the 
study is oriented toward a truncated Gaussian model, which has already been applied 
in Chapter 1 for facies simulation, since this model allows obtaining variables distrib- 
uted in discrete and ordered classes. 

Three stationary Gaussian random fields are considered, and for each of them, 
a set of truncation thresholds is defined in such a way that the truncated random 
fields present the distributions of Figure 5.8. Their direct and cross-variograms are 
then fitted with a linear model of coregionalization that includes a nugget effect and 
spherical structures with geometric or zonal anisotropy, so as to reproduce the di- 
rect and cross-variograms of the truncated variables (Figure 5.9). Note that the model 


Table 5.1 Coding the abundances of three oxidized copper minerals 
(copper clay, atacamite and copper wad) in discrete classes 


Class Copper clay (%) Atacamite (%) Copper wad (%) 
0 0-10 0-10 0-4 
| 11-20 11-20 5-9 
2 21-30 21-30 >10 
3 31-40 31-40 - 

4 41-50 41-50 - 

5 51-60 51-60 - 

6 61-70 61-70 - 

7 71-80 71-80 - 

8 81-90 81-90 - 

9 91-100 91-100 - 
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Figure 5.8 Map and histograms of mineralogy data for the blast holes located on the 


bench of elevation 2,825 m. 


reproduces the positive correlation between the abundances of atacamite and copper 
wad and the negative correlation between the abundances of atacamite and copper 
clay; the correlation between the abundances of copper clay and copper wad is low. 


Conditioned to the blast-hole data, the truncated Gaussian simulations allow 


mapping the spatial variability of mineral abundances (Figure 5.10), as well as the 
probabilities that these abundances are greater than given thresholds (Figure 5.11). In 
particular, the geologists are interested in the probability of excess of two minerals: 


the copper clay, which delays the percolation of the leaching solution and creates 
preferential channels and/or nonleached areas in the heap; 
the copper wad, which negatively affects the kinetics and the extraction rate of the 


leaching process. 


The calculated probability maps (Figure 5.11) allow identifying high-risk areas, such 
as the northeast zone for copper clay or the south-southeast zone for copper wad. The 


ore extracted from these areas must be mixed with the material extracted from low- 


risk areas, so a stockpile management function is necessary. 
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Figure 5.9 Direct and cross-variograms of the mineral abundances encoded in dis- 
crete classes, calculated along the main directions of anisotropy (NO°E 
and N90°E). Points: experimental variograms. Continuous lines: modeled 
variograms (Emery and Cornejo, 2010). 
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Figure 5.10 Abundance of copper clay (a, b), atacamite (c, d) and copper wad (e, f). 
Left: simulation n°l. Right: average of 100 simulations. The abundances 
are cosimulated on a regular grid with mesh 4 x 4 m? for the bench of 
elevation 2,825 m. 
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Figure 5.11 Maps of the probability of exceeding 50% of copper clay (a) or 5% of 
copper wad (b), calculated from 100 simulations. High probability areas 
present a risk of excess of copper clay or copper wad, which negatively 
affects the heap leaching process. 
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Reconciliation 


Mining geotechnics, a discipline at the intersection of geology, geophysics and geome- 
chanics, is a formidable opportunity for geostatistics: almost everything remains to be 
done. To determine the quality of a rock mass, the usual practice is to divide the de- 
posit into domains called ‘geotechnical units’ and to characterize them by an average 
value. This practice is debatable as, with some exceptions such as the one that is stud- 
ied in the first section of this chapter, geotechnical variables are often nonadditive, 
nonlinear by change of support, and directional, that is, the measured value depends 
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not only on the position of the measurement but also on its direction. Therefore, one 
should interpolate in space not only numerical quantities but also vectors, or even ten- 
sors, which is not formally done at present. But these difficulties can be overcome. The 
physics that governs rock mechanics is so powerful that it makes the laws of statistics 
emerge, upon which a geostatistical modeling can be based, and this leads to surpris- 
ing methods. We hope to demonstrate these in this chapter. 

The following sections present geostatistical studies of 


e the discontinuity intensity (P37), an additive variable that quantifies the degree of 
fracturing of the rock mass based on the area covered by discontinuities per unit 
volume of rock; 

e the linear fracture frequency (FF), which relies on a count of discontinuities; 

e the rock quality designation (RQD); 

e the link between these last two directional and nonadditive variables. 


Along the way, a new concept is introduced, the ‘directional concentration’, a measure 
of the tendency of the discontinuities to align themselves at a small scale. This variable 
leads to a new attribute that quantifies the solidity of the rock: the crushing. 

The last part of this chapter focuses on the concept of directionality (Section 6.5) 
and presents what is likely to be the ultimate solution to this problem (Section 6.6): a 
regionalization of directional variables in a 5D spatioangular space. 


6.1 Discontinuity intensity 


To date (2020), most of published geostatistical works applied to the study of rock mass 
fracturing involve the modeling of ‘discontinuities’ — a generic term to designate rock 
ruptures with or without displacement, such as faults, fractures, joints, veins, fissures — 
and the simulation of discontinuity networks (Chilés, 1989a, b; Chilés and de Marsily, 
1993). In this context, an important task is the three-dimensional characterization 
of the discontinuity properties, including the definition of families of discontinuities 
and, for each family, the number, orientation, spacing, location, shape and size of the 
discontinuities. This characterization is based on three main sources of information: 


e geotechnical drill holes, with or without oriented cores, which provide one- 
dimensional samples and petrophysical records; 

e two-dimensional observation windows on outcrops or underground galleries, 
which allow, in particular, evaluating the size of the discontinuities via the study 
of the lengths of their traces (Baecher and Lanney, 1978; Warburton, 1980; Priest 
and Hudson, 1981); 

e remote sensing that provides three-dimensional information (Sturzenegger et al., 
2011; Riquelme et al., 2015; Tuckey and Stead, 2016). 


6.1.1 Definition of the discontinuity intensity 


The discontinuity intensity can be measured by several variables, represented under 
the generic notation P,,, where x is the dimension of the sample (1, 2 or 3, depending 
on whether it is a line, a surface or a volume) and y is the dimension of the measurement 
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(0, 1, 2 or 3, depending on whether it is a count, a line, a surface or a volume). In particu- 
lar, Pio coincides with the linear FF (fracture frequency) that is studied in Section 6.2. 
For now, our attention is focused on P32, the average area of discontinuities per unit 
volume of rock mass (Dershowitz and Herda, 1992). This is one of the preferred varia- 
bles of the geologists and geotechnicians of the El Teniente underground mine, since it 
is additive in the sense that, if several disjoint blocks of equal volume are considered, 
the discontinuity intensity of the union of these blocks is equal to the arithmetic mean 
of the discontinuity intensities measured on the blocks. 


6.1.2 Problem and data 


The rock mass of the El Teniente mine includes several rock types: the Braden pipe 
(a waste breccia) that was modeled in Chapter 1, anhydrite breccias, mafic intrusive 
rocks (gabbro, diabase and El Teniente mafic complex or CMET, for its acronym in 
Spanish) and felsic intrusive rocks (dacite and dioritic to tonalitic porphyry) (Skewes 
et al., 2006). 

Of the two main types of discontinuities observed in the ore extracted from the mine — 
large-scale faults and swarms of small veins (stockwork) filled with a weak mineral as- 
semblage, called ‘weak veins’ — the geologists and geotechnicians of El Teniente have 
found that the latter are the most important factor in explaining the fragmentation 
of the rock and the geomechanical instability of the mine (rock bursts) (Figure 6.1) 
(Brzovic and Villaescusa, 2007; Brzovic, 2009; Gonzalez and Brzovic, 2015). 

CMET rock geotechnical data collected by a team of geologists from the El Teniente 
mine between 2010 and 2016 are available for this study. The data contain the position 
of the weak veins that intersect each core and their orientation with respect to the axis 
of the drill hole. Two sectors are considered and modeled separately, the ‘East-CMET’ 
and the ‘West-CMET’, separated by the Braden pipe and the dacite (Figure 6.2). 


Figure 6.1 Stockwork or swarm of veins and veinlets (straight and curvilinear struc- 
tures in white and light gray) in the primary ore, observed on a mine drive 
of the El Teniente mine. These veins have a lower resistance than the in- 
tact rock and influence the stability and fragmentation of the rock mass. 
(Credit: Andrés Brzovic and Paulina Schachter.) 
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Figure 6.2 Lithological model of El Teniente for elevation 2,150 m. The Teniente mafic 
complex (CMET) covers most of the region and is separated into two 
sectors (East-CMET and West-CMET) by the Braden pipe (circular body 
studied in Chapter |) and the dacite (body elongated along the north- 
northwest direction). 


6.1.3 Methodology 


Its additive character makes the discontinuity intensity P32 a ‘nice’ variable, since it 
can be modeled and interpolated in the same way as a copper grade. However, the 
difficulty here is the absence of direct measurements of P35, since there is only a record 
of the weak veins that intersect a geotechnical drill hole and their orientations relative 
to the drill-hole axis. 

To address this difficulty, the geologists of the mine usually predict P33 from FF, 
first by simulating numerous networks of weak veins, then selecting the simulations 
that best match the FF values observed along the drill holes, and finally calculating a 
factor (C31) to convert FF into P39 in the selected simulations (Dershowitz and Herda, 
1992). All this is very laborious and, above all, subject to possible biases. In fact, as 
will be seen in the following, the FF and the conversion factor C3, are nonadditive 
quantities, subject to sampling biases and prediction biases. 

Another approach is to estimate the number of weak veins per unit volume of 
rock and their diameter distribution, assuming that such weak veins can be repre- 
sented by discs whose positions, orientations and diameters are random (Zhang and 
Einstein, 2000; see also Section A.5.2.3 in Appendix). Both sources of information 
allow estimating the distribution of the discontinuity intensity P37, which corresponds 
to the average area covered by veins per unit volume of rock. Unfortunately, both the 
estimation of the number of veins and the estimation of their diameter distribution are 
generally not robust, as pointed out by Chilés et al. (2008). These authors advocate a 
direct approach that is explained and used in the following. 
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Let us use the additivity of the discontinuity intensity P32 to examine this variable at 
the support of a drill core, represented by a cylinder v of small diameter 6 (a few inches) 
and length L (one to several meters), oriented according to a unit vector a. When con- 
sidering a discontinuity that intersects this core, the intersection, represented by a flat 
surface of unit normal vector (pole) œ, corresponds to an ellipse of area 187/(4|<«, a>), 
where <,>is the scalar product and <o, a> is the cosine of the angle between the two 
unit vectors œ and a (Figure 6.3). 

If N discontinuities of poles œ... wy intersect the drill-hole core (a cylinder of 
volume xô? L/4), the discontinuity intensity for this core is: 


N 


1 1 
P = . 6.1 
(=> Dy ae (6.1) 


i=l 


Accordingly, each discontinuity contributes to the calculation of P32 by the reciprocal 
of the cosine of the angle between the discontinuity pole and the drill-hole axis. It is 
nothing less than the Terzaghi correction (Terzaghi, 1965), which makes it possible to 
compensate for the subsampling of the discontinuities inclined with respect to the drill 
hole, which are observed less frequently than the discontinuities perpendicular to the 
drill hole. Formula (6.1) provides a very simple means to calculate, from the observa- 
tions recorded in the database, the discontinuity intensity P3 for a cylindrical support 
of small diameter and length L (here, L=1 m). In practice, a numerical correction is 
necessary if the relative angle is close to 90°, since it would then be divided by 0 in 
formula (6.1). Too large angles must be decreased to a maximum value, for example, 
75° (Chilés et al., 2008). 

The calculated P37 data (Figure 6.4) can be treated exactly as if they were copper 
grade measurements, opening the way for kriging or for conditional simulation tech- 
niques that are now applied. 
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Figure 6.3 Intersection between a flat discontinuity and a drill-hole core. 
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Figure 6.4 Map (projection on a horizontal plane) of the calculated P32 data for drill- 
hole cores of | m in length, and histograms distinguishing the West-CMET 
and East-CMET sectors. 


6.1.4 Results 


The modeling of the data in each sector is not detailed, as it follows the classical steps 
for simulation under the multi-Gaussian framework, already explained in Chapters 2 
and 4. A total of 500 simulations are constructed, producing P37 values on a regular 
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grid of 4x4x 10 mî, then regularized on a 20x 20x20 m° block support and restricted 
to the blocks distant less than 100 m from a drill hole. Figure 6.5 shows one of these 
simulations, as well as the block-by-block minimum, average and maximum of the 500 
simulations (Hekmatnejad et al., 2017). The minimum and maximum values provide, 
for each block, an interval that contains the true value of the weak vein intensity with a 
confidence of 499/501 =99.6%, based on arguments given in Section A.4.5 (Appendix). 
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Figure 6.5 Horizontal cross-sections of P37 at elevation 2,150 m: (a) one of the 500 


simulations of P32 on a block support of 20 x 20 x 20 m3, (b) block-by-block 
minimum, (c) average and (d) maximum of 500 simulations. Each simulation 
has more variability than the average of the simulations (smoothed) but 
less than the original data, due to the change of support between the drill- 
hole cores and the simulated blocks. 
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An interval associated with any level of confidence can be derived by considering the 
distribution of the 500 simulated values. 

Some sectors of low vein intensity are adjacent to the dacite, whereas the high vein 
intensity sectors are located in the eastern and western sides of the study area, as well 
as to the southwest of the Braden pipe, but the latter sector contains very few drill 
holes. The maps in Figure 6.5 are useful for identifying the geotechnically most dan- 
gerous sectors. 


6.1.5 Discussion 


The discontinuity intensity is an exceptional case in mining geotechnics, as this varia- 
ble is additive and can be interpolated by kriging or conditional simulation techniques 
without any difficulty. The absence of direct measurements is only apparent, since the 
discontinuity intensity can be calculated for any drill-hole core sample from the count 
of the discontinuities that intersect this sample and their orientations with respect to 
the drill-hole axis (Eq. 6.1), information that is available in geotechnical databases. 


6.2 Fracture frequency 


At the end of 2011, we were asked to study the variations in space of a nonadditive at- 
tribute, the Rock Mass Rating (RMR, Barton et al., 1974), a concatenation of several 
variables in a table used by the engineer to evaluate the rock quality and to design the 
ground support. To understand RMR, one needs to study its constitutive variables, 
among which the FF and the RQD, two variables related to fracturing, which will be 
quantitatively studied without the restriction of a genetic model aimed at reproducing 
the discontinuities in space. 

The literature presents some geostatistical studies of these variables (La Pointe and 
Hudson, 1985; Barton and La Pointe, 1995), which always focus on the count of the 
fractures on supports with a constant size. However, in Chuquicamata and Radomiro 
Tomic, we faced a serious problem that persists today: crushing. Some pieces of the 
drill-hole cores, whose lengths change from one core to another, are fragmented and 
cannot be used to count the fractures. This makes the measurement of FF nonadditive 
because the fractures are counted in the intact pieces of variable lengths, although all 
the original core samples have the same length (1.5 m in this case). 

The starting point of the study was to observe the practical formula used by our 
Chilean collaborators and to interpret its hidden meaning. The following step was to 
consider the crushing phenomenon not as an issue that should be eliminated quickly 
by a magic formula, but as an advantage. Seen with the formalism of regionalized 
variables, crushing appeared as interesting as the number of fractures, since it is an 
intrinsic characteristic of the rock, sometimes related to the number of fractures and 
sometimes not. The statistical link depends on a hidden variable that had to be con- 
structed: the ‘directional concentration’, a measure of the tendency of the fractures to 
be, at the scale of the drill hole cores, parallel to each other or, conversely, to cross, and 
to act as a natural crusher that fragments the rock. 

Instead of a variable FF equal to the number of fractures divided by the intact 
portion of the drill-hole core, that is, a nonadditive ratio, which is furthermore too 
synthetic and difficult to interpret, the modeling then focused on a vector of three 
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regionalized variables — the number of fractures, the fragmented core length and the 
directional concentration. Since the statistical correlation of the first two variables 
is a function of the third one, this correlation also becomes a regionalized variable 
for modeling, allowing mapping areas of space that are more or less fractured than it 
seems when only the FF is considered. 


6.2.1 About the nonadditivity of fracture frequency 


Figure 6.6 presents the elements of the problem: in each sample of constant length L, 
only the intact part Lyc allows the number of fractures to be counted. 

To calculate the linear FF introduced by John Jaeger and Neville Cook in 1969, in a 
book that still serves as a reference today, one must divide the number of fractures Miot 
by the analyzed (noncrushed) length Lyc: 


Niol x) 
Lnc(x) 


This formula poses a problem for spatial prediction, since the fragmented core length 
Lc changes from one core to another. It is not satisfactory to perform a kriging by 
putting together the measurements selected around the target point to calculate an 
optimized average, if these measurements are not comparable between them. In other 
words, the regionalized variable is not additive. How can one then predict the quotient 
defined in Eq. (6.2)? The answer will be to generalize a trick used in a phosphate de- 
posit in northern Saudi Arabia a few years before this study: looking for an unbiased 
predictor that is not necessarily optimal (Chilés and Séguret, 2009). In the case of 
phosphate, the service variables were the accumulation, the thickness and the grade. 
There is a link between these variables, since the accumulation is a combination of the 


FFirue(x) = (6.2) 


Enc{x) 
Lye( X): total noncrushed length of the sample located at x 
NC g p 
Le(x): total crushed length of the sample located at x 
C £ p 
Enc) + L(x) = L (constant) Vx 


Nyot(*): total number of fractures along Lye 


Figure 6.6 Counting and crushing. Of the total length L, only Lyc allows counting the 
fractures, the complement being fragmented or disaggregated (‘crushed’). 
How to map FF when Lyc changes from one core to another? A problem 
that is, for example, not present in El Teniente where little altered rocks 
are mined. But here in Chuquicamata and Radomiro Tomic, the problem 
is crucial. 
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grade and the thickness; by using this link under certain restrictions, the unbiasedness 
of the quotient prediction is immediately proven. But this direct relationship between 
numerator and denominator is not indispensable. We show it in the following, with 
greater reason because the proof contains a lesson about additivity that will be used in 
the next chapter dedicated to geometallurgy. 

Consider two random fields Z} and Z3 that are second-order stationary, whose 
quotient must be evaluated at a location x using a set of 2n measurements {2)(x;), 
z(x;): i=1... n} (isotopic sampling). Also suppose that these random fields are in 
intrinsic correlation, i.e., their direct and cross-variograms are proportional to each 
other, and that the ratio Z;/Z, is independent of Z2. Under these assumptions, the 
ratio between the kriging of Z, and the kriging of Z is an unbiased predictor of the 
ratio Z)/Z>. 

Indeed, because Z; and Z3 are in intrinsic correlation and are known at the same 
data points, their krigings use the same weights {A;: i=1... n}. Hence, the quotient of 
these krigings is: 


yA) 
eer Ae Ai Zak 
Zi (x) _ 2 | $a OD 2) 


yy, Zin 

= W; : 

2G) X 2 Za) "a 
Èu 20) Yaz | 


XZ X; n 
i a a > w= (6.4) 


Knowing the values of Z, at the measurement locations has no influence on the 
distribution of the ratio Z,/Z, due to the assumption of independence between Z, and 
Z\/Z>, while the random variable W; conditional on the Z>-values becomes a deter- 
ministic quantity denoted as w;, whose expression is given by Eq. (6.4) by replacing 
the random field Z, (uppercase) with the deterministic field z) (lowercase). Therefore, 
one has: 


5 zi (x) 
Z(x) 


Zo (xj) = z(x;): i= Loaf E rr a 
1 


= 523) l (6.5) 
Z(x) 
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Randomizing z> to obtain the nonconditional expectation, it comes: 


2). g EZO 7 6) s1= Lan £20) (6.6) 
Zy(x) Zy(x) 


Z(x) 
Accordingly, the expectation of the quotient between the kriging of Z; and that of Z2 
coincides with the expectation of the quotient 7;/Z>: the quotient of the kriging pre- 
dictors is unbiased. 

Do the aforementioned assumptions apply to the numerator and denominator of 
Eq. (6.2)? On the one hand, the independence between Lyc and Miot/Lync is corrob- 
orated by the fact that these variables are not correlated, since the average of their 
product is practically equal to the product of their averages. On the other hand, the 
intrinsic correlation assumption is also verified: the direct and cross-variograms of 
Not and Lc are proportional to each other (Figure 6.7), which is also true for the var- 
iograms of Nip, and Lyc. Although this intrinsic correlation means that the cokriging 
between the two variables is not helpful, it allows obtaining a method for predicting 
FF that, although not optimal, is unbiased, which would no longer be ensured in a 
context of nonintrinsic correlation. 


6.2.2 The user’s formula 


Knowing very well that FFirue is not additive and ignoring the previous properties, 
geotechnicians used their common sense and made calculations involving the number 
of fractures and the fragmented length. They mapped the variable FFeorrecteq defined 
as follows: 


Nrot(x) + aLc(x) 
7 ; 
Having understood the importance of crushing, geotechnicians included the crushed 


length Lc in the definition of FF. In Eq. (6.7), a=40, why? And what is the meaning of 
this formula? 


FF corrected (xX) = (6.7) 
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Figure 6.7 Experimental and modeled variograms. Points: experimental variograms; 
continuous lines: models. (a) Number of fractures; (b) fragmented core 
length (variogram identical to variogram of the intact length); (c) cross- 
variogram. The correlation is intrinsic, since the direct and cross- 
variograms are proportional to each other. 
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Rewriting Eq. (6.7) to make Eq. (6.2) appear, one gets: 


FE (x)= Inc(X) FFue(x) + Le (x) a 
corrected live (x) + Te (x) 
= Inc(*) FFirue(*) + I(x) FFerushea (x) 
Inc (x) + Le (x) 


(6.8) 


Then, Eq. (6.8) turns out to be a typical additive formula that combines two frequen- 
cies in proportion to the lengths they represent. The coefficient ‘a’ appears as an arbi- 
trary frequency FFerusheq associated with the crushing phenomenon. Complementary 
studies (Séguret et al., 2014) show that, to be consistent with the measurements infor- 
mation, a should be greater than 85, with a large uncertainty about the value to be 
adopted, between 80 and 120. However, the maps in Figure 6.8 show that the results 
change a lot with this parameter and also give results very different from the map ob- 
tained by the ratio (6.3) of the kriging predictors. The calculation (6.8) is correct but 
inaccurate and finally not very informative. 


6.2.3 Searching for the hidden variable 


Let us tackle the problem at its source by going to the warehouse where the drill-hole 
cores are stored. 

What do we observe (Figure 6.9)? When there are few fractures, the length of frag- 
mented core is small and vice versa. Is it a general law? Consider the scatter plots 
in Figure 6.10 for the Chuquicamata and Radomiro Tomic mines. In both cases, the 
number of fractures tends to increase with the fragmented core length, although the 
analyzed complementary length decreases, which shows the strength of the phenome- 
non and the difficulty of the fracture counting when the intact core length only meas- 
ures about 10 cm. However, these scatter plots are far from those expected to model 
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Figure 6.8 Fracture frequency (FF). Frequency inverses are represented in a vertical 
section XZ because the average length of the intact core pieces is more 
explicit than a frequency. The samples here measure 1.5 m. (a) Result for 
FF corrected) formula (6.7) with a=40; (b) the same with a=85, the recom- 
mended value after the study; (c) the quotient of kriging predictors of 
formula (6.3). 
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From 490.50 m to 492.00 m 


From 684.00 m to 685.50 m 
Crushed length: 74 cm 
Number of fractures: 16 


Figure 6.9 The crushing phenomenon. This study results from interrogations related 
tothe observation ofdrillcores. (a) Fewfractures, little crushing; (b) the opposite. 
(Credit: Cristian Guajardo.) 


140 
130 
120 


100 


10 : ke 
0 (crushed length) 


Figure 6.10 Fracturing and crushing. Scatter plots between the fragmented core 
length and the total number of fractures counted in the intact length, on 
drill-hole cores measuring 1.5 m. (a) Chuquicamata. (b) Radomiro Tomic. 


a linear correlation between two variables. They clearly show independent subsets of 
values, so that the observed high correlation coefficients may not be meaningful. 

A hypothesis is proposed: could the mutual directions of the fractures influence the 
disaggregation (crushing) of the core? If the fractures tend to cross, could they act as 
a natural crusher? To measure such a tendency, the direction of each fracture must be 
known. Fractures are classified according to their angle 0 (the range of which can be 
discretized into nę classes) with respect to the core axis (Figure 6.11). The number of 
fractures can be written as follows: 
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(a) (b) EB casso, 30°) 


The angle between 
two fractures of the 
class is < 60° 


Class [30°, 60°] 


The angle between 
two fractures of the 
class is < 90° 


Class [60°, 90°] 


The angle between 
) two fractures of the 
class is < 60° 


Figure 6.11 Classification of fractures in three classes. The core can be turned around 
its axis to better examine a particular fracture, so the boundaries of 
the angular classes are cones of revolution. (a) Example of two frac- 
tures. As the core sample is not oriented, the two fractures are placed 
in the same class [0°, 30°] because only the smallest angle is considered. 
(b) In terms of the potential to generate crushing, the classes are not 
equivalent: classes | and 3 may contain fractures forming an angle of 60° 
between them, whereas in the intermediate class, the fractures may be 
perpendicular. But this is not really a limitation as, for this classifica- 
tion, it is enough that two of the three classes discriminate the extreme 
situations — fractures approximately parallel or perpendicular to the core 
axis — to obtain a useful result. 


ng 
Na(x)= Š N(x), (6.9) 


6=1 


where N, x) is the number of fractures belonging to class 9 that intersect the sample 
located at x, weighted by 1/sin(0) in order to compensate for the subsampling of the 
fractures that are inclined with respect to the drill hole (Terzaghi correction similar to 
that made in Eq. 6.1 to calculate P32). This sample located in x can be associated with 
a random variable that acts as a variance, which can be calculated approximately by a 
discrete sum based on the ng available classes: 


09 (x) = vare[N(8,x)] = Eo[(V (0.x) — No,mean(X))"] 


ng 2 
= Sre» = Yat) (6.10) 
no a "o 
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The 0 index is used here to remember that variances and mathematical expectations 
are taken in the angular space. Séguret (2016) shows that: 


0 < 06(x) < O$ max (X) = No, mean (¥)* (7 — 1). (6.11) 


To obtain an amount that belongs to the interval [0,1] regardless of the total number of 
fractures, the previous variance is normalized by 8, max (2): 


ng 


2 2 
n o e E. >| ad i). (6.12) 


Q8,max(X) ro Cro — D £| No.mean(*) 


This defines a regionalized variable R(x) called ‘directional concentration’. 

Re (x) = Ocorresponds to a total isotropy situation, in which the fractures are equally 
distributed in the vg classes and therefore tend to cross. Rg (x) = l corresponds to a sit- 
uation of total anisotropy in which the fractures belong to a single angular class and 
do not intersect (or very little, taking into account the class tolerances). Keep in mind 
that the direction of the sample in space is not considered, because what is measured is 
the tendency of the fractures to align around a drill-hole direction that can vary from 
one point to the other. The mapping of this directional concentration reveals large 
areas that correspond to particular rock types (Figure 6.12). 

When the scatter plot between Lc(x) and Miot(x) is now examined by classes of 
samples related to their directional concentrations, it is clear that when passing from 
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be anisotropy 
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Figure 6.12 Chuquicamata. Vertical section of the directional concentration around the 
‘West Fault’. To the northeast of the fault, the fractures tend to be parallel 
to each other, unlike the southwest where they cross systematically, in an 
area where the rock is known to be of poor quality, extremely friable. 
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Ro(x)=0 to Rg(x) =, the linear correlation coefficient goes from more than 0.8 to 
less of 0.2, and this applies to both Radomiro Tomic (Figure 6.13) and Chuquicamata. 
The nonelliptical nature of the plots in Figure 6.10 is explained by the fact that they 
gather samples for which, sometimes, there is no correlation between fracturing and 
crushing, which is explained by R(x). When the fractures intersect, they produce 
disaggregation; when they tend not to cross, crushing is independent of fracturing and 
constitutes an intrinsic property of the rock that must be studied in the same way as 
fracturing. 


6.2.4 Regional linear correlation model 


In summary, for each 1.5 m sample located at point x, three coregionalized variables, 
associated with as many random fields, are available: 


e the total number of fractures No4(x); 
e the fragmented core length Lc(x); 
* the directional concentration Rg (x). 


(a) (b) 
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(c) (d) 


Figure 6.13 Radomiro Tomic data. Scatter plot between the fragmented core length 
Lc(x) (horizontal axis) and the total number of fractures Ntot(x) (vertical 
axis). Selected samples have a directional concentration (a) between 0 
and 0.25 (b) between 0.25 and 0.5, (c) between 0.5 and 0.75, (d) between 
0.75 and |. When the fractures intersect often (cases (a) and (b)), they 
produce disaggregation; when they tend not to cross (cases (c) and (d)), 
crushing is independent of fracturing and constitutes an intrinsic prop- 
erty of the rock that must be studied in the same way as fracturing. 
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Since the linear correlation coefficient between the first two variables is a function of 
the third, it is possible to convert the information contained in RÈ (x) in a regionalized 
correlation coefficient by means of a nonlinear transformation: 


Pw.tc (x) = (REx). (6.13) 


The shape of function f depends on the studied deposit: exponential for Chuquica- 
mata (Figure 6.14a) and linear for Radomiro Tomic (Figure 6.14b). In the first case, the 
curve starts arbitrarily from 1, which is the maximum correlation in the case of total 
isotropy, whereas in the second case, a maximum correlation equal to 0.9 is objectively 
found. 

When two random fields Z; and Z3 are related by a linear correlation coefficient p, 
one of the two (for example, Z2) can be expressed linearly as a function of the other 
plus a residual e statistically uncorrelated with Z4, even spatially uncorrelated with 
Z, if the direct and cross-variograms of Z3 and Z| are proportional (Rivoirard, 1994): 


Zy(x)=2(pZ(0)+V1-P? a(x)) te. (6.14) 


02 


In this case, p depends on x, which complicates things a bit. After some verifications 
and simplifications (Séguret, 2016), the total number of fractures can be split into two 
components: 
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Figure 6.14 Linear correlation coefficient depending on the directional concentra- 
tion. (a) Chuquicamata: for a concentration greater than 0.6, the correla- 
tion no longer changes, which defines a class of samples (and rock) where 
fracturing and crushing are independent. (b) Radomiro Tomic: fracturing 
and crushing are linked in the full range of directional concentration. 
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Neorr(x) represents the number of fractures that is expected on average, knowing the 
fragmented core length Lc(x) and the regional correlation py Le). Nina(x) represents 
the number of fractures that must be added to Ncorr(¥) to obtain the truly measured 
amount N,o(x). If Ning(x) is negative, then fewer fractures have been measured than 
those predicted when considering Lc(x) and py.z-(x), If, on the other hand, Ning(x) is 
positive, a greater number of fractures than expected are counted. 

Do such calculations make sense? 

Figure 6.15a shows the number of independent fractures Ning in a vertical sec- 
tion of Chuquicamata, near the West Fault. In the area known to be damaged to the 
west, fractures are much more numerous than they should be. The other two figures 
(Figure 6.15b and c) refer to the Radomiro Tomic deposit. Figure 6.15b shows a hori- 
zontal section of FFrue as defined in Eq. (6.2). The entire domain is quite homogene- 
ous and of poor quality. The thickness of concrete to reinforce a north-south tunnel, 
for example, the thickness of reinforcements and the rock bolt size, can be the same 
almost everywhere. Figure 6.15c shows another reality: in almost the entire upper half 
of the domain, there are many more fractures than those predicted. On the contrary, 
the southern sector is of better quality. Thanks to this level of detail, it is possible 
to consider reducing part of the expense in the south to reinforce the structures in 
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Figure 6.15 ‘Independent’ fractures. (a) Vertical section of independent fractures in 
Chuquicamata. Domains A and B have many more fractures than they 
should when considering the directional concentration and crushing in- 
tensity. (b) Horizontal section of FF,,ye in Radomiro Tomic. (c) The same 
section showing the independent fractures. FF, fracture frequency. 
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the north, and crossing the boundary between these two sectors can be complicated. 
Figure 6.15b represents the quotient of two variables, a quotient that summarizes too 
much; Figure 6.15c is the joint utilization of the two variables of the previous quotient. 


6.3 Rock quality designation and directionality 


Like FF, RQD (Deere et al., 1967; Stagg and Zienkiewicz, 1968) aims at measuring the 
degree of rock fracturing by calculating the percentage of intact core pieces greater 
than 10 cm (Figure 6.16). 

This additive variable could be mapped by kriging if it were not directional (that is, 
dependent on the direction of the drill hole) and subject, such as FF, to the sampling 
bias evidenced by Ruth Terzaghi in 1965: the measurement of the spacing between 
discontinuities, like their count, depends on the angle between the direction of the 
drill hole and that of the fractures. Suppose that, locally, the fractures are parallel 
planes with the same direction (Figure 6.17a) and consider two successive fractures 
(Figure 6.17b). While the spacing measured in direction | is /), it should be /; sin(®) to 
convert this spacing into an objective quantity independent of the drill-hole direction 
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Figure 6.16 To calculate RQD, intact core pieces of more than 10 cm are added and 
then divided by the total core length (here 100 cm). The framed element 
shows another less common cause of dependence on the drill-hole direc- 
tion: when a fracture cuts the core along its length, the element is still 
considered intact. It is sufficient then that the direction of the drill hole 
varies by a few degrees so that what could have been classified as intact 
is considered as fragmented. RQD, rock quality designation. 
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Figure 6.17 Directional bias of RQD. (a) Hypothesis of a local network of aniso- 
tropic fractures. (b) The intact distance between two fractures depends 
on the direction of the measurement according to the angle between 
this direction and the fracture. (c) While segment lh is incorporated into 
RQD when the direction of the drill hole is direction n°l, it ceases to be 
when this direction is perpendicular to that of the fractures. Therefore, 
a common factor sin(0) is not applicable to RQD to correct biases due to 
directionality. RQD, rock quality designation. 


and perpendicular to the direction of the fractures. This problem also exists for FF. 
In the latter case, it is possible to apply a corrective factor 1/sin(8) to each directional 
class to which the fracture belongs, which has been done previously for the directional 
concentration that considers corrected counts (Eq. 6.9). These corrections have been 
the subject of numerous developments to take into account, among other things, the 
fact that the definition of a 3D direction requires two angles. In addition, dividing by 
sin(@) tends to excessively increase the number of fractures when the angle 0 tends to 0, 
hence the search for alternatives (Priest and Hudson, 1981; Chilés et al., 2008). 

For RQD, such a correction, although imperfect, is impossible because it should 
not be applied to the constitutive sum of RQD, but to each of the contributing pieces, 
since, after individual correction, some pieces may appear below 10 cm and, therefore, 
be omitted from the sum. An example of this is the value /, sin(®) in Figure 6.17c. In this 
figure, the fact of working with a constant total core length means that a new piece is 
introduced in the calculation of RQD along direction 2, increasing the difference with 
the calculation along direction 1. 

Assuming, for simplicity, that all the drill holes have the same direction and that the 
fractures at the scale of a kriging neighborhood are distributed in all the directions 
(Figure 6.18a), the directionality of RQD can be neglected, and its nondirectional map- 
ping then informs on the spatial variations of the degree of rock fracturing. Now, if the 
fractures locally follow preferential directions that change from one point x to another 
x’ (Figure 6.18b), then the aforementioned argument does no longer hold, even if the 
drill-hole direction does not vary. The prediction RQD“), based on a set of samples 
around x, is no longer comparable with RQD '(x’), based on other samples around x’, 
because these two predictions differ by the samples used. A mapping based on these 
values represents not only the spatial variations of the rock fracturing but also the 
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Figure 6.18 Fracture anisotropy and measurement direction. The points symbolize 
core samples. Does RQD measure the degree of fracturing of the rock? 
True in (a), false in (b) where a spatial variation of the anisotropy is indi- 
rectly measured since, locally, fractures tend to align along preferential 
directions, which does not happen in (a). RQD, rock quality designation. 


spatial variations of the fracture anisotropy, which moves it away from the objective 
sought. As in the case of the mapping of FFirue that previously made the quotient 
of two regional quantities and, therefore, conveyed less information, the mapping of 
RQD is no longer informative by mixing two messages. Here, the deep nature of the 
concept of additivity is discussed; we will take the time to develop this point later. 

The problem is further complicated when the drill-hole direction changes in space. 
A mapping of RQD by classes of sampling directions produces as many maps as there 
are directions (Figure 6.19a—f). A map that indiscriminately uses all the core samples 
only represents the most frequent drill-hole direction (Figure 6.19g). These maps il- 
lustrate the problem of the variations in the fracture orientations, since the impact 
on RQD is the same, either because the drill-hole direction changes or because the 
fracture direction varies from one point to another. 


6.4 Rock quality designation and fracture frequency 


How to correct RQD? Such a correction is necessary because both RQD and FF are 
components of the RMR attribute mentioned in the introduction of Section 6.2. If 
one is corrected, but not the other, there is a risk of destroying the link between these 
two variables, thus reducing the relative influence of one on the other. This problem 
is illustrated in the following scatter plots (Figure 6.20). A thick curve that represents 
a model defined by Stephan Priest and John Hudson in 1976 is shown, where RQD is 
expressed as a function of FF: 


RQD = 100 e°!FF (0. 1FF +1). (6.16) 
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Figure 6.19 Directionality of RQD. In the Chuquicamata mine (and the surrounding 
mines), the drill holes are contained in east—west vertical planes for a 
better sampling of the variability transverse to the West Fault, so that a 
single angle is sufficient to determine the drill-hole direction. Six angular 
classes have been defined, and only the drill holes belonging to each class 
are used to calculate the maps (a) to (f). Map (g) indiscriminately uses all 
the drill holes. It resembles maps (c) and (e) because directions n°3 and 
5 are majority. These maps illustrate the danger of looking at RQD with- 
out considering its directionality that depends in the same way on the 
direction of the fractures and that of the drill holes. RQD, rock quality 
designation. 


This model assumes that the spacing between two consecutive discontinuities that in- 
tersect a drill hole follows a negative exponential law, which allows associating with 
each value of FF a distribution of spacing whose law is: 


f(x) = FFeFF* (6.17) 


where f(x) is the frequency of the spacing x. 
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The quality of this hypothesis was discussed in detail by Jean-Paul Chilés and Ghis- 
lain de Marsily in 1993. The purpose here is not to revisit it, but to use this theo- 
retical curve as a reference, a visual support to show the distortions of correlations 
between FF and RQD when one variable is corrected and not the other, as in the 
case of Figure 6.20a where FF is corrected as suggested by Terzaghi. The formula by 
Priest and Hudson, which works well in general, does not allow modeling the rela- 
tion between the variables, compared with the experimental conditional expectation 
that constitutes a good reference (thin curve). Having become inconsistent due to the 
transformation of only one of the variables, the measurements get coherent again in 
Figure 6.20b when no correction affects the variables. The formula by Priest and Hud- 
son is then a good approximation of the experimental conditional expectation. Even if 
RQD and FF are biased due to the directionality of the measurements, the biases are 
the same, and the link of the variables is preserved. It is not satisfactory to correct one 
without correcting the other. 

Can one still try to correct RQD? When the directional concentration of the sam- 
ple is equal to 1, it is known that all the fractures are approximately parallel or, more 
exactly, belong to the same angle class that is also known. In the Chuquicamata data 
set, about 4,500 samples with this characteristic were extracted, and then RQD was 
corrected by multiplying it by sin(@), where 0 is the angular (known) class of each sam- 
ple. In doing so, the corrected value of RQD is overestimated, but this procedure may 
be acceptable for this class of samples. Figure 6.21 shows the result, focusing on the 
interval [0, 20] of the frequencies best represented by these particular samples. 

The correction of RQD is poor and produces a reduction in variability such that, 
this time, the formula by Priest and Hudson overestimates RQD (Figure 6.21c). Other 
tests have been performed, without producing more convincing results (Séguret and 
Guajardo, 2015). 


0 10 20 30 40 50 60 70 80 90 100 


Figure 6.20 RQD and FF (I of 2). Thick curve, model by Priest and Hudson; thin 
curve, conditional expectation of RQD knowing FF. (a) FF is corrected 
according to Terzaghi (b) FF is not corrected. FF, fracture frequency; 
RQD, rock quality designation. 
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Figure 6.21 RQD and FF (2 of 2). Thick curve, model by Priest and Hudson; thin 
curve, conditional expectation of RQD knowing FF. (a) Neither FF nor 
RQD is corrected; (b) only FF is corrected; (c) both FF and RQD are cor- 
rected. FF, fracture frequency; RQD, rock quality designation. 


6.5 Developments about directionality 


FF and RQD are mainly used for two purposes: 


e Objective I: a direct mapping of rock quality domains. By mapping, we mean pre- 
dicting values at the nodes of a fine grid by using the nearby samples. The values of 
FF and RQD produced on the grid represent the same volume of material as that 
of the samples, which are supposed to all have the same support (a few meters in 
length by some inches in diameter) (Figure 6.22). 

e Objective 2: characterizing the rock quality at a block support using samples in 
and around the block. The calculation is associated with a block volume much 
larger than that of the samples, on the order of hundreds to thousands of cubic 
meters (Figure 6.23). 
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Figure 6.22 Mapping, i.e., interpolation using data points (samples, gray crosses) at 
the nodes of a fine grid (black point). The circle represents the moving 
window used to select which samples are used to compute the average 
assigned to a grid node. Lines represent fractures planes intersected by 
the cross-section. 


Figure 6.23 Calculating values on block volumes (gray) using samples around and 
inside the target block. 
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There are several issues associated with the pursuit of both objectives: 


e the directionality of FF and RQD; 

e FFand RQD are linear measurements (1.e., they are defined along a line) while one 
seeks to characterize the same quantity on a block volume; 

e insome cases, FF and RQD are not directly used but are transformed into classes 
via a score scale (such as RMR), where values associated with the classification of 
FF, RQD and other variables are summed in order to quantify the rock quality. 
What is the impact on the spatial variability when the continuous FF and RQD 
values are transformed into discrete classes? 


These issues have been well known for a long time, while robust workable solutions 
have been lacking. We propose here to clarify and develop the issues to support the 
wider use of FF and RQD, better knowing the pros and cons of such a use. 

For simplicity, two cases are considered: 


1. Case where there is no directional information associated with the fractures that 
intersect the core samples. 

2. Case where there is directional information associated with the fractures that in- 
tersect the core samples. 


6.5.1 No information on the direction of the observed fractures 


Suppose, as shown in Figure 6.22, that the orientation and spacing of the fractures 
vary across the domain, but, at each sample location, the fractures are locally parallel 
and with a constant spacing. A more general situation, where, at any sample location, 
the fractures can have different orientations, will be considered in Section 6.5.2. 


6.5.1.1 Measurement directionality 


The measurement directionality relates to the situation where, at a given location x in 
the deposit, drillings made along different directions provide different values of the 
measured variable. An example is shown in Figure 6.24. 

Two concepts are linked to directionality. The first one, called ‘directionality bias’, is 
the bias pointed out by Terzaghi (1965) who proposed a correction for FF, multiplying 
the observed FF value by the sine of the angle between the fracture and the sampling 
direction. As mentioned previously, this correction causes problems when the angle is 
too low and cannot be defined if the fracture is parallel to the drill-hole axis. Also, no 
correction is possible for RQD. Thus, in this case where no fracture orientation data is 
available, we do not propose a correction, so that a directionality bias of the measure- 
ments exists for both FF and RQD. 


6.5.1.2 Fracture directionality 


Correcting the measurement bias does not make the measurement nondirectional be- 
cause the corrected quantity will still be linked to a particular fracture orientation: this 
is the second concept related to directionality. The underlying fractures (measured by 
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Figure 6.24 Example of directional bias when counting fractures (or when measur- 
ing their spacings for RQD), with a single fracture direction. Sampling 
direction | reveals 8 fractures; sampling direction 2 reveals 6 fractures; 
sampling direction 3 reveals 0 fracture (the sample diameter is constant). 
RQD, rock quality designation. 


FF and/or RQD) are planar features that have a measurable orientation or direction, 
which may vary in space. 


6.5.1.3 Why does directionality cause problems for mapping? 


The aim of mapping is to show the spatial distribution of domains, or isopleths where 
FF or RQD has a constant value, the underlying idea being that, in these domains or 
along these isopleths, the rock quality is approximately the same because FF or RQD 
is the same. But such an interpretation is not possible without accounting for both the 
directionality bias of measurement and the fracture directionality. 

We illustrate with an example in Figure 6.25. RQD is measured at four different 
locations by drilling along two directions in a domain where all the fractures have the 
same orientation. We define this case as anisotropic fracturing at the scale of the sam- 
ples, because the fractures belong to a network with a preferential orientation. 

The directionality bias of the RQD measurements breaks the true spatial continuity 
of RQD. We see that, when moving horizontally from left to right from x; to x3, the 
RQD isopleths (built by the method shown in Figure 6.22) suggest an increase from a 
few percent to 100%, giving the map its bull’s eyes. In this case of fracture anisotropy, 
where the fractures are oriented along the same direction and with the same spacing, 
RQD should be constant. However, the measurement bias changes from one point to 
another, and very different RQD values are predicted in space due to the interference 
of this measurement bias; it means that one cannot mix the sample values for mapping. 

The correct way to proceed is to classify the samples according to their drill-hole 
direction (with some grouping) and mapping RQD by direction, producing as many 
mapsas there are directional classes, as shown in Figure 6.26. The values of the samples 
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Figure 6.25 Two sampling directions in the case of anisotropic fracturing, i.e. all the 
fractures have the same orientation. The directionality bias of the RQD 
measurements breaks the spatial continuity of RQD, as represented 
by the isopleths (the sample diameter is constant). RQD, rock quality 
designation. 


belonging to each directional class are comparable and compatible because they have 
the same measurement bias and can be used together for spatial interpolation pur- 
poses. However, we must not forget that the values are still biased in comparison with 
measurements that would be systematically perpendicular to the fracture plane. 


6.5.1.4 Interpreting the directional maps 


The resulting directional maps obtained after sample classification are not necessarily 
meaningful as they depend on another hypothesis: the isotropy or anisotropy of the 
fracture network itself. In our example in Figure 6.26, the fractures are parallel (aniso- 
tropic fracture network). Then, the maps made for each directional class represent the 
true spatial variation of FF or RQD, but still with a global bias that depends on the 
angle between the sampling direction and the fracture orientation. 

The least biased map is derived from the samples that are closest to the perpendic- 
ular to the leading or dominant fracture plane. On the directional map showing the 
lowest RQD (or highest FF), changes in the orientation of the FF or RQD isopleths in 
space show the change in the fracture anisotropy direction, i.e., the change in the plane 
along which the fractures are aligned. 

Our ability to interpret the spatial variations of FF and RQD depends on the isot- 
ropy hypothesis at the sample scale. As we suppose here in this subsection that there 
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Figure 6.26 Example of mapping of RQD for each directional class of samples. (a) EW 
drill-hole direction; (b), NSdrill-holedirection.RQD, rock quality designation. 


is no information available about the orientations of the fractures observed on the 
samples, one can test the isotropy at the sample scale by using the directional maps as 
described earlier. 

There are then two possibilities, detailed hereafter. 

Case 1: The directional maps are similar 

The fracturing can be considered isotropic at the sample scale because there are no 
preferential planar fracture orientations. It means that, for Objective 1 (mapping) and 
Objective 2 (change of support), one can proceed without further consideration of the 
sample directions because, inside each neighborhood used for prediction (as shown, 
for instance, in Figures 6.22 and 6.23), the measurement bias will be averaged in the 
same way for all the spatial predictions and will be comparable and compatible from 
one point to another. The map then gives a realistic image of the true spatial variabil- 
ity of FF and RQD. 

In Figure 6.27, one sees an example of an isotropic fracture network where the frac- 
ture orientation changes quickly and where there is no preferential or dominant orien- 
tation. In this example, the fracture spacing (higher FF, lower RQD) is denser in the 
middle part of the area. The FF and RQD sample values are, on average, the same in 
any drill-hole direction. 
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Nondirectional RQD 


Isotropic fracture network 
with variable spacing 


lsopleth map 
(all sampling directions together) 


Figure 6.27 Case of an isotropic fracture network. Fractures exist in almost any ori- 
entation, and drill-hole samples are not directionally biased. The maps 
produced by moving window averaging using the data from all the drill- 
hole directions reflect the true spatial variability of RQD or FF, although 
they may still be biased (Eq. 6.21). FF, fracture frequency; RQD, rock 
quality designation. 


When mapping with a moving average, the local measurement biases are always 
averaged in the same way, and the map is a correct representation of the true spatial 


variation, up to a global correction factor, as shown in the following (Eq. 6.21). 


Even if the fracture network is isotropic, the sample values (and the averaged sample 
values along an isopleth, for example) are still biased. It is proven that, when the angles 
between core and fracture axes are uniformly distributed in the interval [0°, 90°], the 
fracture count obtained when averaging 50 samples selected in a moving neighbor- 


hood gives 0.64x NB, NB being the true number of fractures measured perpendicu- 
larly to the fractures. The important difference between kriging and moving window 


averaging is described in Section 6.5.1.6 hereafter. 
An isotropic fracture network offers two practical advantages: 


1. Values predicted on a grid using data with a directional sampling bias can be cor- 
rected by a multiplicative coefficient that removes the bias, as described earlier, 
and applied to the average values on the grid. 

. It is possible to produce a variable that becomes nondirectional, at any scale, in- 
cluding blocks of any size (change of support). By averaging linear FF or RQD 
measurements on a block support V, and because it involves all possible direc- 
tions, we derive a quantity that can represent the average volumetric rock quality 
and size of intact material (one can call it RQD(V) and FF(V)). Such a change of 
support will then depend on other hypotheses such as, for example, the average 
length of the fractures or a local distribution of these lengths, parameters that are 
often used in geotechnics for simulating fracture networks. In the particular case 
of an isotropic fracture network, this can be done at a block support and condi- 
tioned by the parameters coming from the geostatistical analysis of the samples. 
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Case 2: The directional maps are different 

This means that there is a preferential fracture orientation, i.e., the fracture network 
is anisotropic. In this case, the directionality of FF and RQD must be considered in all 
subsequent analyses, and the rock quality concept becomes directional, a linear (or at 
most 2D) characteristic, and never a volumetric one. For example, RMR predictions 
would be directional; any change of support must use only samples having the same 
direction and would produce block values that are also directional. 

An example of directionality of RQD due to an anisotropic fracture network has 
been encountered at the Chuquicamata mine (Figure 6.19). 

It is more difficult to proceed in the case of an anisotropic fracture network because, 
even if each map is constructed from samples having the same direction, there is no 
information about the bias associated with each map, a bias that can change from one 
domain to another in the deposit because, by hypothesis, there are local anisotropies, 
and these can change from one place to another. Classifying the samples by direction 
may reduce the impact of this uncertainty (bias), but this is not enough: the spatial 
change in the fracture anisotropy (fracture orientation) may produce a change in the 
bias, exactly in the same way as if the sampling direction had changed. 

In Figure 6.28, we see an anisotropy associated with large domains and two sam- 
pling directions. A major fracture causes the anisotropies with the two orientations. 
The two directional maps are different, and one has to consider the drill-hole direc- 
tion in all the subsequent analyses. Without any more information about the fracture 


Figure 6.28 Anisotropy associated with large domains and two sampling directions. 
The dotted line shows a major fracture causing anisotropies with the ori- 
entations shown as gray lines. The directional RQD maps are completely 
different. In the absence of information about the fracture orientation, 
the importance of the bias associated with each map is unknown, making 
their interpretation problematic. RQD, rock quality designation. 
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orientation, the importance of the bias associated with each map is unknown, making 
difficult their interpretation. 

The solution consists in searching for domains where FF is higher (or RQD lower) 
when comparing the directional maps, as in Figure 6.28. This is a way to associate the 
dominant fracture orientation with each domain. 


6.5.1.5 What can be done, then? There is a need for just one map, not a set of 
directional ones! 


When maps only differ due to the sampling directional bias, comparing them at given 
locations can lead to finding 3D domains where FF is higher (or RQD lower), in which 
case the sampling direction 1s almost perpendicular to the main fracturing anisotropy. 
In such domains and for this direction, one can consider that there is no sampling bias. 
Then, instead of dealing with a set of directional maps and RMR tables throughout 
the analysis, one could choose to use the data and map associated with the sampling 
along the least biased direction (Figure 6.29). 
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Figure 6.29 A map that captures the main results of an analysis of directional maps. 
The light gray region is where the fracture network is isotropic; here 
the directional RQD maps are similar and RQD values are in the inter- 
val 50%-75%. The white region shows directional domains where RQD 
values are high (above 75%) when using samples from horizontal drill 
holes in any azimuth orientation. The region shown in dark gray exhib- 
its very low RQD when obtained from vertical drill holes; however, the 
fact that RQD values are low only in vertical drilling means that inside 
the intersection zone, the fractures are horizontal. RQD, rock quality 
designation. 
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Again, we are dealing here with the case where no fracture orientation data is avail- 
able. The workflows are shown in Figures 6.30 and 6.31. 


6.5.1.6 What kind of predictor should be used when the data are biased? 


Predicting FF and RQD values should not be made by ordinary kriging (OK) because 
OK produces a linear combination of the measurements with weights that depend on 
the distance between the sample and the target point. Let us show why now. 

Firstly, it is equivalent to consider fractures with changing angles and a unidirec- 
tional set of fractures with changing sampling directions. In the following proof, the 
fracture spacing and the core diameter are considered to be constant. 

The geometry of the fracture orientation relative to three drill-hole directions is 
shown in Figure 6.24. When measured perpendicularly to the fracture plane, the num- 
ber of fractures is denoted as NB, a value that becomes NB sin(@) when the sample core 
axis is not perpendicular to the fracture plane. 


Scheme 1 Testing isotropy of fracture network @ sample scale 
Without fracture orientation information 


Define a 3D grid as fine as possible 


Will be informed later by geotech. domains 


4 


Classify samples according to drilling dir. 
The more numerous dir. sets, the better 


Produce FF or RQD by direction @ each grid node 
No kriging, no inverse distance, moving average 


@ each grid node, compare directional values 


Xe 
Domains with similar directional values | Domains with different directional values ] 


Isotropy of fractures Anisotropy of fractures 
Nondirectional geotech. domains Directional geotech. domains 


Scheme 2 Directional domain 
identification process 


Figure 6.30 Workflow for testing isotropy of the fracture network (case where there 
is no measurement of fracture orientation). The work starts with a clas- 
sification of the samples according to the drill-hole direction. The simi- 
larity of maps produced per directional class at the nodes of a grid is the 
basis for determining the directionality of the measurements: if maps are 
similar between the directions, the fractures are isotropic and geotech- 
nical domains are nondirectional. After corrections for directional bias, 
all proceeding work can ignore the drill-hole direction as the variables 
are additive and a change of support is valid. If the maps are not simi- 
lar between the directional classes, the workflow must proceed as per 
Scheme 2 shown in Figure 6.31. FF, fracture frequency. 


e For FF, apply multiplicative correction coefficient 
* Change of support from point to block by averaging 
* Linear FF & RQD, representative of volumetric rock fracturing 
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Scheme 2 Directional domain identification process 
Inside domains where directional values are different 


@ each grid node 4 
Search for max FF (or min. RQD or both) 
Store this direction 
@ this direction, FF & RQD assumed to be unbiased 


Each grid node is informed by: 
1. One value of FF & RQD 
2. One direction 


lassify nodes according to similar dir. of max. FF (or min. RQD or both) 


Subdirectional domains where: 
1. FF &RQD are assumed unbiased 
2. Along this direction 
As many directional subdomains as sampling direction classes 


he union of all these subdomains equals the initial nonisotropic domain 


Figure 6.31 Workflow when directional maps are different (case where there is no 
measurement of fracture orientation). All work is per directional class. 
The first task is to find the drill-hole direction that gives the least bi- 
ased measurements and use it to produce values of FF and RQD on grid 
nodes by moving window averaging. Along this direction, the FF and RQD 
predictions are unbiased. The grid nodes can be classified and grouped 
to produce regions of similar FF and RQD values. FF, fracture frequency; 
RQD, rock quality designation. 


Suppose that we have n+1 samples associated with angles 0 regularly distributed 
in the interval [0°, 90°] and we average these measurements to produce a prediction: 


n 


>» 1 Ñ l a NBS. ' 
NB pred array leg) (6.18) 


To calculate the sum, we refer to Adams and Hippisley (1922): 
4 sin(x +%)sin(= y) 


$ sin(x+ ky)= = (3) (6.19) 


k=0 


By setting x=0 and y= W we obtain: 


` a) _ sin(45°)sin("*!45° 
Y sin(x) ™ e ) (6.20) 
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The result of the average becomes: 


NB’ = NBxcoeff(n). (6.21) 
with 
a sin(45°)sin(*145°) 
coeff (n) = z 6.22 
(n+1)sin(4*) ee 


The reduction coefficient coeff(m) is a function of the number of samples n used in the 
average. The spacing between the fractures is supposed to be constant, the sample 
support has a fixed length, and each sample has an angle with the fracture so that the 
n samples are uniformly distributed in the interval [0°, 90°]. If NB represents the true 
number of fractures when the angle equals 90°, the result of the average reduces this 
number to NBxcoeff(n). 

As a function of n, coeff(n) converges to 0.636 as n tends to infinity (Figure 6.32). 

So when calculating FF in such circumstances, a multiplicative correction factor equal 
to l/coeff(n) should be applied to the computed average value on the grid, as the bias in 
the data leads to a significant underestimation of FF. The validity of this correction 
depends on whether or not the available drill holes cover uniformly the angle interval. 

In contrast, the average should not be predicted by OK because OK produces a 
linear combination of the measurements with weights i, that depend on the distance 
between the sample and the target point. Then, prediction (6.18) is replaced by: 
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Figure 6.32 Correction coefficient coeff(n) for FF as a function of the number n of 
samples used to compute the average. NB represents the true number 
of fractures when the angle equals 90°. The moving window averaging 
reduces this to NB x coeff(n). FF, fracture frequency. 
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NBOK = NB} Ax sin(k 2) (6.23) 


Dae = (6.24) 


In Figure 6.33, we see a particular sampling situation where a data point xq is closer 
to the target in comparison with the other points. Accordingly, the kriging weight 
assigned to this point is large (depending on the variogram model), let us say 0.8. Due 
to constraint (6.24), the n remaining points will receive a weight approximately equal 
to 0.2/n (we do here quick hand calculations to give an idea on orders of magnitude), 
and Eq. (6.23) becomes: 


fie 02s , 
NBOK = NB 0.8sin(i%P)+ ~~ X sin(x) (6.25) 
k#i 
For example, if i=0 and n=50, NBO’ ~0.129 NB. 


If the data were not biased, then this property of kriging would be beneficial, as 
the closer the sample to the target, the higher correlation it has with the target value 
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Figure 6.33 Sampling situation where data point (xg) is closer than other data to the 
target point (gray cross). This point gets a kriging weight of 0.8, signifi- 
cantly higher than any other point x;—x2,, which receive similar weights as 
they are located at the same distance from the target. FF data are biased 
according to the angle between the fracture and the sampling direction. 
A large kriging weight applied to samples with large bias will produce a 
strongly biased prediction. In this case, the predicted value is much lower 
than the true FF measured perpendicularly to the fractures. At another 
target, the bias may change, and the different predictions cannot be com- 
pared. FF, fracture frequency. 
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(as measured by the variogram). But in this case of biased data, one has fracture 
count or RQD data from several sampling directions, which is formally equivalent 
to having a single sampling direction with several fracture orientations. The data 
are biased depending on the angle between the fracture and the sampling directions. 
The large kriging weight magnifies the importance of the bias and produces a much 
lower (less than 20%) prediction of the true FF or RQD measured perpendicularly 
to the fractures, and less than a moving average prediction (0.636 times the true 
measurement). 

When a specific data point receives a large kriging weight due to its closeness to the 
target point, and when the data value at that point is severely biased, the OK predic- 
tion of FF is now close to 10% of the true value. This percentage could change quickly 
at short distances between target points. 

By assigning a different weight to each data point, kriging ‘disarranges’ the sam- 
pling directional homogeneity and produces a spatial bias, making the final result use- 
less. Consequently, kriging (as well as inverse distance weighting) is not recommended 
to predict FF, a moving average is globally less biased because it avoids assigning high 
weights to strongly biased samples. The calculation for RQD is more complex, but the 
recommendation is the same: use a moving average with enough samples, say at least 
30, instead of kriging. 


6.5.2 With information on the direction of the observed fractures 


Rg (x) as defined by Eq. (6.12) can be used to classify the samples. We recall that: 


e If Rj(x)=0, the fractures intersecting the sample at location x are uniformly 
distributed in the angular classes, and there is no contradiction with a hypothesis 
of isotropy. 

e If Ro(x)=1, all the fractures intersecting the sample at location x belong to the 
same class, showing a local anisotropy on the samples. Locally, the isotropy 
hypothesis is not valid. 


It is important to recall that this variable is independent from the sampling direction; 
it only depends on the angle between the fracture and the sample. 

In practice, having Ro (x) = 0 is not a usual situation, since it requires the number of 
fractures to be a multiple of the number of angular classes. This is the reason why one 
can consider R(x) €[0,0.5] as an indication of isotropy and R(x) €]0.5,1] as an in- 
dication of local anisotropy. In Figure 6.12, we show an example of how this attribute 
can define spatial domains where the isotropy hypothesis 1s valid or not and how it can 
be linked to structural domains defined by major faults. 

Séguret (2016) also shows a link between the directional concentration and the num- 
ber of fracture sets, which is frequently available in geotechnical data sets and may be 
an alternative to the directional concentration for detecting local anisotropies. Having 
Rp (x) makes it possible to modify the workflow, as shown in Figures 6.34 and 6.35. 

The modeling of domains where geotechnical variables are directional can use 
again the directional information. As the sampling direction is supposed to be known, 
it becomes possible to know which classes contain more fractures, and their average 
absolute orientation (azimuth and dip). 
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Scheme 1b Testing isotropy of fracture network @ sample 
scale 


Using fracture oriedation information 


e Define a 3D grid as fine as possible 
e Will be informed later by geotech. domains 


4 


f Focus on FF and correct directional bias by Terzaghi formula 


From now on, use FF corrected 
e Correction not possible for RAD > forget RQD 


aT) 


@ each sample “x”, calculate directional concentration Rœ) 


@ each grid node “x,” predict R; (x0) 


se "A \ 


[Domains where Rj (x) e [0.0.5] Domains where R53 (x) €]0.5,1] 
l Isotropy of fractures e Anisotropy of fractures 
> Nondirectional geotech. domains -> Directional geotech. domains 


* Change of support from point to block by averaging Scheme 2b Directional domain 
e Linear FF orecteq representative of volumetric rock fracturing identification process 


Figure 6.34 Modified workflow: testing isotropy with available fracture orientation 
data. FF data are Terzaghi corrected. At each sample location, direc- 
tional concentration values are computed and used to predict the direc- 
tional concentration at each grid node. The grid is divided into regions 
defined by the predicted directional concentrations: within the interval 
[0, 0.5], the fractures are considered isotropic, and FF is additive with- 
out directionality. At the nodes where the directional concentration be- 
longs to the interval ]0.5, I], the fractures are locally anisotropic, and 
all preceding analyses must consider the sampling direction, as shown in 
Figure 6.35. FF, fracture frequency. 


When the number of angular classes is ng and the number of drilling directions is 
Ndir this gives a maximum ng gir preferential directions with which one can associate 
a number of fractures. This leads to as many directional maps as there are such direc- 
tions. For each map, the samples used are the ones that have the same preferential di- 
rection. The attribute mapped in this way is the number of fractures in each direction, 
and all subsequent works must be based on the number of fractures and not any more 
on FF or RQD. 


6.6 Spatioangular geostatistics 


The main lesson one can retain is that the rock quality classification must account for 
directionality because the isotropy hypothesis at any scale is not always true. 

The previous work tried to characterize such a directionality, depending on 
whether some information on the fracture orientations is known (Section 6.5.2) or not 
(Section 6.5.1). We can at least say that the workflows are laborious. Recent develop- 
ments can, however, simplify a lot these workflows, by an astute definition of the space 
in which the measurements are regionalized. 
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Inside domains where R; (x) €]0.5.1] 


J 


e @ each sample “x” inside domain, search for preferential class if unique 


e Knowing sample orientation, calculate azimuth @(x) and dip (x) of this class 
+ Store { No corrected (x), (x) , $(x)} 
e Necorrected (X): Number of fractures measured at x, along (~(x), $(x)) 


e With ng angular classes and ng; sampling directions, up to Ng.Ngi, different 
orientations can be defined, and as many directional subsets. 


By moving average involving each subset at a 
ime, each grid node is informed by up to Ng.Ngi, 
airs of : 


* Fracture numbers 
e Directions 


4 


[rhe sequence follows, direction by direction | 


Figure 6.35 Modified workflow for grid domains where the predicted directional 
concentration belongs to the interval ]0.5, I]. 


Since a measurement varies according to both its position and orientation, the idea 
is to assign it a vector of coordinates (x) in the geographical 3D space and a vector (u) 
on the 2D half-sphere. All in all, one obtains a regionalization in a 5D space corre- 
sponding to the product on the 3D Euclidean space and the 2D sphere, so that each 
measurement is now indexed by its easting, northing, elevation, azimuth and dip. In- 
stead of making predictions and simulations conditioned to a particular direction, this 
new paradigm allows FF or RQD to be interpolated at any place in the geographic 
space, for any direction. This is an important simplification because the concept of 
directional bias disappears because, for each location x, values are produced for any 
direction u, as shown schematically in Figure 6.36. 

Let us denote by Z(x, u) the random field associated with the regionalized variable 
under study (FF, RQD or another geotechnical property), with x the vector of geo- 
graphic coordinates and uthe vector of orientation on the half-sphere. Some simplifying 
hypotheses are needed to infer the spatial correlation of such a random field. Concern- 
ing the variations in the 3D geographical space, one commonly assumes second-order 
stationarity, so that the covariance or the variogram between two variables located 
at x and x’, respectively, only depends on the geographical separation h=x’—x. Con- 
cerning the variations on the 2D sphere, second-order stationarity is no longer ap- 
plicable, but one can trade off the invariance of the first- and second-order moments 
under a translation against an invariance under a rotation, which corresponds to an 
assumption of isotropy. In such a case, the first-order moment (expectation) is con- 
stant on the sphere, and the second-order moment (covariance) between two variables 
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Figure 6.36 Interpolation of a variable regionalized in a 5D space. For sake of simplicity, 
the representation is made in a 2D plane, but a spheroid, possibly multi- 
modal, should be represented, which characterizes the directional varia- 
tions at a given location x of the geographic space. Notice that it is possible, 
at each location x, that a sample has several directional values. This is the 
case when fractures are classified according to directional classes. Predic- 
tions or simulations (tens or hundreds) can be done in this 5D space. 


located at u and u’ only depends on the angular separation 5=arcos(<u’, u>), also 
known as the geodesic distance between u and u’. Such a hypothesis is plausible, for 
instance when the fracture network is isotropic or when it is locally anisotropic with 
anisotropy directions that vary in space and are, globally, uniformly distributed on 
the sphere. 

For calculating experimental covariances/variograms under the previous hypothe- 
ses, it is sufficient to classify the data pairs according to their geographic separation (h) 
and angular separation (6), all other things being equal. The modeling can be done by 
a linear model of regionalization, consisting of a sum of basic nested structures. One 
can write the theoretical covariance or variogram as: 


S 
C(h,8) = X b, C,(h,8) (6.26) 


s=1 


S 
y(h,8) = >» bs Ys(h,ò) (6.27) 


s=1 


with S a positive integer and b4,..., bs are positive scalar coefficients. As for the choice 
of the basic structures, Sanchez et al. (2019) propose separable covariance models of 
the form C,(h, 5)=p,(A) ps(6), where p,(/) is a stationary geographic covariance (¢.g., 
a spherical or an exponential model), while p,(5) is an isotropic angular covariance. 
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Accounting for the spectral representation of isotropic covariances on the sphere 
(Schoenberg, 1942) and for the fact that changing u into —u or u’ into —v’ should not 
modify the covariance, one can choose p% as: 


ps (8) = Pncs) (cos ò) (6.28) 


where P>, is the Legendre polynomial of degree 2n. The covariance structure finally 
simplifies as 


S 
ChS) = È bs ps (h) Panis) (C088) (6.29) 


s=1 


Of course, more complex models could be designed, based on nonseparable spatioan- 
gular covariances (see, for instance, Porcu et al. (2016)), or by replacing the isotropy 
assumption by an assumption of axial symmetry (Jones, 1963), at the price of a (much) 
more laborious variogram calculation and modeling. 

Another advantage of separable models or combination of separable models of the 
form (6.29) is the possibility to adapt the spectral and turning bands algorithms in 
order to simulate the random field Z(x, u) at any position x and any direction u. Along 
each turning line, it suffices to (1) sort an integer s in [1,S] with a probability propor- 
tional to b,, (2) simulate a zero-mean random field 7, in the geographic space with 
covariance p,(/), (3) simulate a zero-mean random field W, on the sphere with covar- 
iance P>,(cos ô) and (4) generate the simulated random field along the turning line as 
the product of the geographic and angular components T, and W,, up to a normation 
factor (Sanchez et al., 2019). The simulation of the random field W, can be done by con- 
sidering spherical harmonic functions (Emery and Porcu, 2019) or Gegenbauer waves 
(Alegria et al., 2020). This workflow is summarized in Figure 6.37. 

An interesting application to the modeling of the weak vein intensity in the El 
Teniente deposit is presented by Sanchez et al. (2019), who use the same data as that 
introduced in Section 6.1 of this chapter, but focus on the linear frequency P4ọ in- 
stead of P32. As the study is oriented to simulation, the Pj9 data are first normal-score 
transformed, and their experimental variogram is calculated by accounting not only 
for the geographic separation between the data pairs (distinguishing between the hori- 
zontal and vertical directions, recognized as the main directions of continuity in the 
geographic space) but also for their angular separation (Figure 6.38). Declustering 
weights are assigned to the data in both the normal score transformation and the ex- 
perimental variogram calculation, in order to account for the irregularities in the sam- 
pling design. One observes that the behavior of the experimental variogram for short 
geographic separation distances (0-100 m) depends on the angular separation between 
the data, as it increases for small angular separations (<30°) but decreases for larger 
angular separations. To model this behavior, a separable model is considered, which 
consists of the product of a short-range spherical covariance (40 m in the horizontal 
plane and 60 m in the vertical) and a Legendre polynomial of degree 2, which switches 
from positive to negative values when the angular separation goes from 0° to 90°. A 
second spherical-Legendre model with larger ranges in the geographic space (500 m) 
is also introduced, as well as two other spherical structures that only vary with the 
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Figure 6.37 Workflow for the 5D modeling and simulation of directional regionalized 
variables. Each core sample is assigned a vector x of geographic coordi- 
nates in the 3D space, and a vector u of orientation on the 2D sphere. 
Under an assumption of stationarity in the geographic space and isotropy 
on the sphere, both the fitting of the covariance or variogram and the 
simulation of the variable can be performed by considering products of 
geographic and angular components. 


geographic separation (their angular component corresponding to a Legendre poly- 
nomial of degree 0, which is identically equal to 1). 

One hundred conditional simulations are constructed with the turning bands algo- 
rithm and averaged, in order to predict the weak vein frequency Pg at any spatial lo- 
cation and any direction on the sphere. This gives rise to two kinds of representations, 
which are helpful to structural geologists and geotechnicians to assess the geographic 
and directional regionalization of the weak vein frequency: 


e geographical maps that show the spatial variations of Pip for a given direction u 
(Figure 6.39a); 

e orthographic maps that show the directional variations of P19 for one or more 
geographical positions (Figure 6.39b). 
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Figure 6.38 Experimental variogram of the normal score transform of Pig data along 
the horizontal and vertical directions (crosses, stars, squares and tri- 
angles), for geographic separation distances between 0 and 500 m 
and angular separations of 0° (a), 30° (b), 60° (c) and 90° (d) (toler- 
ance + 15°). The modeled variogram based on a combination of separable 
spherical-Legendre structures is superimposed (continuous lines). 


It becomes unnecessary to remove any bias, and local anisotropies can be derived 
from analyzing the results in the 5D space, which is really the heart of the prob- 
lem. The model is directional, as is the rock quality classification, throughout the 
analysis. For example, the weak veins turn out to be preferentially oriented in north— 
south vertical planes near the locations with coordinates (1,425 m, 400 m, 200 m) and 
(1,425 m, 300 m, 2,000 m), for which the vein frequency is the highest when it is calcu- 
lated along the east direction, but the contrary happens near locations with coordi- 
nates (1,425 m, 350 m, 200 m) and (1,325 m, 300 m, 2,000 m) (Figure 6.39b). 

There is no doubt that the 5D approach represents the ultimate way of solving many 
of the problems encountered in geotechnics. It is currently at a research stage and not 
ready for industry use. 
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Figure 6.39 Average of 100 conditional simulations of the weak vein frequency. (a) 
Geographic map of the frequency calculated along the east-west direc- 
tion for an elevation of 2,000 m; the positions of the conditioning data 
are superimposed. (b) Orthographic maps at six geographic positions 
with elevation 2,000 m, showing the expected directional variations of 
the weak vein frequency (Sanchez et al., 2019). 


6.7 Conclusions 


With respect to the corrections of FF and RQD and their link, the problem remains 
open and an investigation will be necessary where both variables, as well as the others 
involved in RMR, should be analyzed and modeled together. Other clues have been 
left unexplored. In particular, it has been found that the cross-variograms between the 
number of fractures and the fragmented core length are proportional to the regional 
correlation coefficient as defined in Eq. (6.13), which means that their statistical link is, 
in fact, geostatistical; one would therefore have, for the cross-variogram between the 
fragmented core length and the number of fractures: 


Ywtc (A,X) = 07 (x) Py re (x) YA) = 67 (x) (RG (x) YA). (6.30) 


where y(h) is a variogram with a unit sill. 
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The dependence of yy 7 (4, x) on py,zc(x) and Ro (x) has been established. This 
means that a cross-variogram would be associated with each sample, a property in- 
duced by the directional dispersion of the fractures that, it must be admitted, gives 
some dizziness. At the moment, it is difficult to foresee the practical applications that 
could be engendered. 

To date (2020), it seems clear that directional geotechnical variables should be 
interpreted as being regionalized in a five-dimensional space — the three-dimensional 
geographical space crossed with the two angular dimensions, as illustrated in Section 
6.6. The search for more general spatial correlation models — not necessarily isotropic 
on the sphere — and the generalization to several variables are two pending tasks. 

Several other works have been recently initiated, for example, the simulation 
of geotechnical units to evaluate the spatial variations of the uncertainty in the 
risk factor, or the Boolean simulation of fracture networks (see Section A.5.2.3 in 
Appendix) conditionally to traces derived from photogrammetric tunnel images ana- 
lyzed by mathematical morphology tools, the objective being to predict a probability 
of collapse as the excavation progresses. 
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Reconciliation 


Until now, the total in situ copper grade has been studied and predicted in the deposit 
by taking into account, when possible and useful, the information on geological facies 
that control the grade variability. But it is the metal quantity that will actually be 
recovered after processing that really matters. This quantity depends on the metal- 
lurgical recovery rate, quotient of the recovered metal quantity and the original total 
metal quantity, which turns out to be the variable preferred by the metallurgists and 
geologists responsible for the economic evaluation of the deposit to reflect the perfor- 
mance of the process. 
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This recovery rate is a false friend: firstly, it could vary little in space and, therefore, 
not be very informative. Secondly, when production begins, the first results of the 
actual recovery may come with some surprises and not be up to the predictions: the 
recovery performance fluctuates much more than expected for several reasons later 
described. Also, the metallurgical recovery is a false friend because it is not additive, 
so it cannot be averaged arithmetically to represent the expected recovery of a block 
or a production volume. 

These difficulties have led to the introduction of the concept of ‘recoverable grade’, 
the simple product of the recovery rate by the total in situ grade. By focusing on this 
service variable, the possibility of cokriging it with the total grade appears. It becomes 
a convenient way to compensate for the typically small number of laboratory measure- 
ments for which the recovery rate is known. 

Here, we develop these concepts in the context of the two main methods of process- 
ing the copper ore types found in Chile: 


e froth flotation for sulfide copper ore located at depth; 

e heap leaching, for oxidized copper ore located near the surface. In this case, an 
important characteristic appears: the need to consider the soluble copper grade as 
an auxiliary variable, since it is only part of what the acid has been able to dissolve 
that is finally recovered. 


These two modes of treatment reveal opposite spatial variations in the deposits under 
study. In the case of flotation, the metallurgical recovery rate varies little in space be- 
cause the recovered grade closely follows the total in situ grade, giving a stable ratio that 
is insensitive to the chosen calculation method, additive or not, except when calculations 
are made at the scale of the entire deposit. In the latter case, the nonadditive practices can 
have negative consequences for the economic evaluation of the mining project and the 
sizing of the concentration plant in which the ore is crushed, ground and then concen- 
trated by flotation. It becomes necessary to study the joint spatial variations of quantities 
such as the grades of the concentrate and of the tailing, to accurately analyze the per- 
formance of the process and guide the adjustment of the geometallurgical parameters. 

For heap leaching, the metallurgical recovery rate shows significant spatial variations 
due to the high variability of the solubility as it was calculated at the time of the study. Be- 
cause of their variations in space, the solubility and recovery maps are informative enough 
to allow using prediction or simulation techniques to interpolate these rates without bias, 
although not necessarily in an optimal way, similarly to what has been done in geotech- 
nics for modeling the fracture frequency in the presence of the crushing phenomenon. 

This work is partially included in two articles written in coauthorship with Pedro 
Carrasco in 2004 and 2008 (Emery et al., 2004; Carrasco et al., 2008). 


7.1 Sulfide copper ore 


7.1.1 Concentration by flotation 


After grinding the ore into fine particles smaller than 250 um, the resulting ore pulp 
is treated in flotation cells containing bubbles of gas (normally, air) and chemical 
reagents. These reagents act on the surface of the minerals to be recovered so that 
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they become hydrophobic and rise in the cell without agglomerating, carried by bub- 
bles and released from the gangue (Wills and Finch, 2015). On the surface of the 
cells, froth is recovered, and after several stages of treatment, a pulp with a high me- 
tallic content called ‘concentrate’ is obtained (Figure 7.1). The ‘tailing’ in the lower 
part of the cells is accumulated in huge artificial deposits, and could be processed 
again in the future if the copper price increases sufficiently. This process, widely 
used in the mining industry, allows moving from an average feed copper grade Z y of 
the order of 1%, to more than 30% for the concentrate grade Zc, depending on the 
mineral species carrying the copper, and less than 0.1% for the tailing grade Zr. The 
subscripts here correspond to H for head (feed or total in situ grade), C for concen- 
trate and T for tailing. 

Before mine production begins, laboratory experiments are performed in order 
to forecast the flotation performance of the ore that will be processed. Samples are 
taken from the study area and processed in mini flotation cells that are small copies 
of the device to be used. Figure 7.2 shows an example of it. It is for this situation, prior 
to production and at a laboratory scale, that the study presented in the following is 
carried out. 


7.1.2 Formalization 


Two types of variables are involved to forecast the performance of the process: 


e the tonnages Ty, Tc and Tr involved in the calculation of the feed grade Zy, 
concentrate grade Zc and tailing grade Zy; 
e the metal quantities Qy, Oc and Qr associated with these grades. 


These variables are related to each other, but not systematically. One can imagine 
a low tonnage of concentrate with a high metal quantity and vice versa. The spatial 
variations of these variables depend on both the spatial variations of the mineralogy 
and the response of the chemical processes to this mineralogy. To account for this 
typology of the variables, the following rates r and R are introduced: 


Concentrate 
hydrophobic 
particle 
Let “s, _ hydrophilic 
particle 
Tailing 
(a) (b) 


Figure 7.1 Flotation cell. (a) Schematic representation; (b) froth concentrate on the 
surface of the cell. (Credit: Aldo Casali and Gonzalo Montes-Atenas.) 
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Figure 7.2 Flotation cell used in laboratory. (Credit: Gonzalo Montes-Atenas.) 


pole 

Ty (7.1) 
R-&., 

On (7.2) 


r is the mass recovery rate, whereas R is the metallurgical recovery rate, which is of 
highest interest to economic geologists. Although each of these two rates measures 
a particular aspect of the flotation performance, they do not have the same statute, 
mathematically speaking. Under the assumption that the density of the ore varies little 
in space (which is true for copper ore, due, among other things, to its low grades) and 
provided that, in each kriging neighborhood, only measurements made on the same 
support are used together, the tonnage Ty will not change from one sample to another, 
whereas the metal quantity Q contained in the sample will. Therefore, it is incorrect 
to map R directly by kriging in order to express an average quantity associated with a 
volume, unlike r (an additive variable) that, therefore, becomes a valuable actor, quite 
little known and used. Its main role is presented in the following. 

To formalize the link between the involved variables, a conservation principle is 
assumed, according to which no particle is lost in the process of separation between 
concentrate and tailing: 


Ty =Tc+Tr (7.3) 
On =Qc + Or. (7.4) 
This principle leads to: 


Zy =rZc+(l-r)Zr (7.5) 


Recovery and geometallurgy 149 


with 
za 
Te (7.6) 
-Qr 
Zr= Tr (7.7) 


In formula (7.5), r separates what is recovered from what is lost. This formula also 
indicates that it is sufficient to know Zy, r and, indifferently, Zc or Zn to express all 
the variability of the problem, which could lead to consider a cokriging of Zp, r, Zc 
or Zr to predict each of these variables in an optimal manner. But this is not possible 
because Zc and Zr are not additive, since these grades refer to tonnages Tc and Tr 
that change from one sample to another. 

If one remembers that: 


ae ne (1.8) 


formula (7.5) becomes: 


Le Ur 
aa (7.9) 


the obvious decomposition of the feed copper grade into partial grades, a concept al- 
ready found (several pages above and ten years later!) in the problem of constructing a 
block model. Here, the metal quantities are no longer distinguished based on the indi- 
cators of geological facies, but based on the indicators of the mineral particles found 
in the concentrate or in the tailing. Formula (7.9) is then interpreted as the additive 
conversion of the quantities Zc and Z7, which are not additive, into grades Zp and 
Zrt, which are additive, with: 


CS rp 
Ty (7.10) 


Zpp = (1-R)Zy ==) Ze = Zn -Zg =. (7.11) 
H 


The conclusion that is reached is to perform a cokriging of the additive variables Zp, 
r, Zp or Zrr to optimally predict any of these variables. 


7.1.3 Usual practices 


At the time of the study, the laboratory technicians were measuring Zp, Zr and Zc 
and calculating R using the following exact formula, which comes from the conserva- 
tion principle: 
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_ Zo = Zc Zy - Zr 


= , (7.12) 
Za Zy ZZ, 


Calculated on each sample (index i), these ratios were averaged over the n available 
samples, to obtain a quantity R: 


7 1 n 
R=— R.. 7.13 
a i (7.13) 


Considered representative of the entire deposit or of a particular geological unit 
(facies), R was then combined with the kriged grade ZĶ(V) of the block model to 
obtain a prediction of the recovered grade Zp(V) of block V: 


ZRV)=R ZE(V). (7.14) 
This practice raises several questions: 
e formula (7.13) averages nonadditive quantities, the correct formula being 


n 


$ za 

i=l A 
n 2 
$ zn 

i=1 


e formula (7.14) is the product of two predictions and is not optimal; 

e two predictions obtained by different means are combined: R is calculated with 
few laboratory samples (hundreds), while block kriging is obtained on the basis 
of a moving neighborhood selection among tens of thousands of measurements. 


R= (7.15) 


7.1.4 Tests 


Let us remain in northern Chile in the underground Chuquicamata project and see 
if the usual practices have an important impact in the economic evaluation of the 
deposit and if cokriging really constitutes an improvement. A data set of 1,000 sam- 
ples is available, in which Zy, Zr and Zc are known together, distributed in three 
mineral zones. The domain covered by the samples is approximately 1 x 4x 1 km? 
(Figure 7.3). 

The importance of additivity is assessed at two different scales: first, the scale of 
the production blocks and then the scale of the entire deposit. For the additivity at the 
scale of the blocks, the tests are carried out in mineral zone 409 (the best informed) 
in the central domain marked by a light gray square, measuring 200 x 200 x 50 m? 
(Figure 7.3). This domain is divided into 500 blocks of 20 x 20 x 10 mô, where each 
block is finely discretized every 2 m. Zy, r and Zrr are cosimulated at each node of 
this grid. The size of the blocks is imposed by the production. The direct and cross- 
variograms (Figure 7.4) are fitted using an intrinsic correlation model established for 
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Figure 7.3 Area covered by laboratory samples. The gray square in the center of the 
area represents the domain of the tests based on conditional simulations. 
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Figure 7.4 Experimental direct and cross-variograms of r, Zt7 and Zy, which are 
further modeled for simulations. 
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the entire deposit, although the tests are only performed in the light gray domain in 
the center of Figure 7.3. 

The fine discretization of each block V makes it possible to calculate the correct 
value (7.15), with n = 500 here, which is compared with the incorrect value (7.13). One 
hundred independent simulations of the deposit are constructed, since only one can- 
not be sufficient: the range of the variogram of Zy (more than 300 m) is approximately 
equal to the size of the test domain; therefore, statistical fluctuations can be important 
between one simulation and another for ergodicity reasons (Lantuéjoul, 1991). A bal- 
ance had to be found between the need to calculate R with a good approximation and 
the memory limitation of the computer available in 2005, which explains why the study 
was restricted to this domain for the tests. 

Figure 7.5 shows the results for simulations n°1, 10 and 20 (they all lead to the same 
conclusions): at the scale of the 20 x 20 x 10 m° blocks and with this spatial variability, 
the two modes of calculation of R are indistinguishable. 
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Figure 7.5 Comparison between the correct and incorrect calculations of the recov- 
ery rate, R(V) and R(V), at the scale of the production blocks. The first 
two rows represent the histograms of the recoveries obtained by both 
calculations, and the third row represents the scatter plots between these 
recoveries. The columns on the left, in the center and on the right represent 
simulations n°l, 10 and 20, respectively. 
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Other experiments, at the same scale, where the predictor Zp(V;) (formula (7.14) is 
compared with a cokriging of Zp with Zy andr as covariates, show no more difference 
for reasons to be explained. 

Before, it is worth asking: what happens at the scale of the entire deposit, when all 
the samples are used to evaluate the global metallurgical recovery? Table 7.1 shows the 
results for the three mineral zones. 

At this scale, the deviations prove to be important. By systematically underestimat- 
ing the recovery, the incorrect calculation can lead to a sizing of the smelter and of the 
refinery (here, adjacent to the mining site) that will not be adequate for the subsequent 
demand. Producing more concentrate than expected is always good news, but it is 
necessary that the smelter, which produces copper anodes (called blister copper) by 
a pyrometallurgical processing of the flotation concentrate, and the refinery, which 
produces copper cathodes by electrorefining the blister copper, are not prejudiced in 
terms of their capacity or performance. 

In summary: at the scale of the deposit, additivity intervenes while, at the scale of a 
small block, it does not. Why? 

A first reason: for the average of ratios... 


n 


~ 1 Z 
R=—) R2 4. 4n 
ea e P (7.16) 
to differ little from a ratio of averages... 
n 
$z 
Ri 
w Z Z 
= #1 = Ri R 
R= F SeA ae n —, 
Sin Sm Sz 
i=l i=l i=l (7.17) 
it is enough to have, for most of the points i of block V: 
n 
nZy, = YS Zn; 
i=l ; (7.18) 
Table 7.1 Global recovery at the scale of the entire deposit 
Zone Number Variance Average Coeff. of RV) RV) 
of data of Zp of Z4 aoe Averaaacef teenvenes: E averopes 
° (incorrect) (%) (correct) (%) 
409 67l 0.18 0.91 47 88.8 89.3 
207 394 0.32 1.16 49 88.8 89.8 
206 47 1.21 2.22 49 86.3 86.9 


The incorrect calculation systematically underestimates the recovery. For a deposit of this size, the 
subevaluation of the recovered metal represented 1.5 billion US dollars of 2005. 
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In other words, it is enough that each grade Zy; differs little from the average grade in 
the block, i.e., that the ‘dispersion variance’ o7(+|V) of the point-support grade within 
the block is small. This dispersion variance, well known to geostatisticians (Matheron, 
1965a, 1971), is easily calculated if the variogram yof the feed copper grade Zy is known: 


Pen], Í, y(x- x’ )dxdx = y(V,V) io 


Let us examine the variogram of Zy (Figure 7.6). 

This variogram has been calculated on the entire deposit, but it also characterizes 
the domain of the tests, insofar as stationarity is assumed. As the distances for calcu- 
lating y(V.V) do not exceed 30 m, o7(*|V) is of the order of 0.1 and is close to the value 
of the nugget effect. Even if the local distribution of the grade varies from one block to 
another, for each block, the variation around the average in the block is small, and the 
coefficient of variation at the scale of the blocks is of the order of 35%. 

Ifthe size of block Vnow increases to that of entire deposit D, the dispersion variance 
of a point in a block becomes the variance of the sample in the deposit and increases 
to 0.18, the variogram sill. The coefficient of variation then increases to 47%, and the 
differences between the additive and nonadditive calculations become noticeable. As 
a consequence, things change in a relatively small range [0.35, 0.47] of the coefficient 
of variation. 

A second cause relates to the variance of Zp conditionally to Zy. If, for each point 
i of block V, the ratio Zp, /Zp; varies little (irrespective of the variations of Zy;), the 
average of these ratios changes little and differs little from the correct calculation. Let 
us examine the cross-diagram between Zy and Zp for all the samples of the mineral 
zone 409 of the deposit (Figure 7.7). 

The high correlation, equal to 0.995, indicates that Zp follows Zy linearly and 
that 99% of the variance of Zp is explained by this linear dependence. The curve in 
Figure 7.7 shows that the conditional expectation of Zp knowing Zyis linear. The most 
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Figure 7.6 Experimental variogram of the feed copper grade Zp. The bottom arrow 
indicates the variance of the grade of a sample in a block (nugget effect 
value), whereas the top arrow indicates the variance of this same grade in 
the deposit (varogram sill). 
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Figure 7.7 Cross-diagram between Zy and Zp for the samples of mineral zone 409. 


important thing here is that the conditional variance of Zp knowing Zy is small what- 
ever Zp, although there is a slight tendency to increase with Zy. Therefore, at each 
point i of V, in the Zr /Zp; ratio, each value Zy, (which varies little in V) is associated 
with a value Zp, that varies little around Zy, multiplied by a factor 0.92, the slope of 
the regression of Z RON Zy (the intercept of this regression is almost zero). Five hun- 
dred stable ratios Zr /Zy, are produced for the block, whose average R(V) differs little 
from RV), the ratio of the average values of Zp and Zyin V. 


7.1.5 Conclusions 


The fact that, at the block scale, the incorrect calculation has little influence cannot 
justify its use. It would suffice that the range of the variogram of the feed copper grades 
be smaller or that the variance increases, for the calculation errors to become impor- 
tant. The company found this demonstration convincing enough to definitively ban 
the incorrect calculation and to encourage the prediction of Zr through a cokriging of 
Zr, Zy andr, as a precautionary principle. 

This new approach is satisfactory for the economic geologist because it directly pro- 
vides the desired variable Zp, but not for the metallurgist, who wishes to evaluate the 
performance of the process by examining R. Now, regardless of how they are calcu- 
lated, the maps of R show little variation (the numerator and the denominator are 
strongly correlated). In general, a quotient is rarely informative, since it does not give 
access to the causes that explain its variations. A spatial mapping aims at showing a 
regionalization implicitly linked with the geology. If two different spatialized causes 
lead to the same quotient, the link with the regionalization is lost. This was true in 
geotechnics, and it is true here. Figure 7.8 shows that the coefficient of variation of R 
is of the order of 5%, for initial quantities whose coefficient of variation is ten times 
greater or more. 
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Figure 7.8 Characteristics of geometallurgical quantities. Histograms in the mineral 
zone 409. (a) Recovery R, (b) tailing grade Z7, (c) feed grade Zy, (d) concen- 
trate grade Zc. 


Let us examine how R depends on Zy, Zr and Zc. 
In the ratio (Zy — Z7)(Zc — Zr) of formula (7.12) that delivers R, Z;/Zc is factored 
to further simplify R and to obtain the following first-order expansion: 


(7.20) 


In Eq. (7.20), the approximation between the first and second lines is good since Z7/Zc 
is of the order of 1% on average and rarely exceeds 10%. In addition, even if the ZZ yH 
ratio is not small, being of the order of 10% on average and sometimes beyond 50%, its 
product with Z7/Z cis insignificant, which leads to the following approximation for R, 
valid for this deposit and its variability: 
R=l- = + aa 
Zy Ze. (7.21) 
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There are several lessons to learn from this formula. For example, it is more interest- 
ing to decrease Zr by 0.01, than to increase Zc by 0.1 or 10%. If it is necessary to favor 
one over the other for technical reasons, the efforts should focus on the reduction of 
Zr, as they will be more beneficial for the metallurgical recovery. 

Another observation: Since Z7/Z;, plays an essential role in the recovery, its varia- 
tions must be studied correlatively with R, as well as the relative variations of Zr and 
Zy. Let us examine Figure 7.9. 

Zrand Zy are linearly related with a slope that depends on R (Figure 7.9b). There- 
fore, if, on average, Zr increases with Zy, the rate of increase is stronger for low 
recoveries than for high recoveries. This is due to the conditional distribution of Zy 
knowing Zl Zy (Figure 7.9c). When 77/Z 7, decreases, the dispersion of Zy increases. 
Since R and Z7/Zy are negatively correlated (Figure 7.9a), high recoveries are associ- 
ated with a wide range of grades Zy, whereas low recoveries concern only low grades. 
This explains the change of slope in the cross-diagram 7.9b. 

The aforementioned results apply to the first term Z7/Zy of formula (7.21). One 
should proceed identically for Z7/Zc and then study the relationship between 77/Zy 
and Z7/Zc, with the idea of obtaining statistical simplifications that lead to direct con- 
ditional simulation methods for the metallurgical recovery. Geostatistics has pointed 
out the useful and influential variables; the geometallurgist must analyze them. 
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Figure 7.9 Example of analysis of geometallurgical quantities. Cross-diagrams 
(a) between Z7/Z;, and R, (b) between Zy and Zz, (c) between Zy and Z7/Z,,. 
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7.2 Oxidized copper ore 


7.2.1 Recovery by heap leaching 


After being crushed into particles of about one centimeter in diameter and prepared in 
agglomerates (porous and mechanically stable material), the ore is deposited on a sealed 
floor to form a heap of the order of a dozen meters high and several hundreds of meters 
long and wide (Figure 7.10a) (Bartlett, 1997). On the ore and, sometimes, under protective 
covers that prevent evaporation, a mixture of water and sulfuric acid is spread, which dis- 
solves the soluble minerals (copper oxides) and releases the metal in a continuous flow re- 
covered at the base of the heap in channels or pipelines that bring the fluid to the solvent 
extraction and electrowinning plant. Heap leaching provides a metallurgical recovery 
rate R of the order of 70%, that is, on average ten points less than the recovery associated 
with flotation, although the leaching process is more economic as the acid is recirculated. 

Laboratory experiments are carried out to evaluate the performance of the process. 
To this end, leaching columns of several meters high are used, containing ore in which 
the acid diffuses at a speed comparable with the one supposedly involved in the heaps 
(Figure 7.10b) (Bartlett, 1998). It takes several weeks to extract all the leachate by grav- 
ity. This explains the small number of available laboratory measurements, of the order 
of only 30 for the Gabriela Mistral deposit studied in the following. 


7.2.2 Usual practices 


The test columns show the solubility ratio S, which represents an approximation of 
the percentage of metal dissolved by the acid compared with the initial metal quantity. 
This solubility ratio is associated with a variable — the ‘extraction’ — that fulfills the 


(b) 


Figure 7.10 Heap leaching. (a) The ‘heaps’ to leach. A mixture of water and sulfuric 
acid is continuously irrigated over the ore. The copper-rich liquid is 
brought via pipelines to pools (top right) and then sent to the solvent 
extraction and electrowinning plant. (b) Laboratory leaching column. 


Recovery and geometallurgy 159 


role of the recovery R and is one of the products of the leaching column. For engineers, 
the goal is to derive R from S through a linear regression: 


Riab = Gav + bab S. (7.22) 


In addition, tens of thousands of samples are available in the deposit with information 
on the total in situ grade Zy and the soluble grade Zs, equal to the metal concentra- 
tion contained in an acid solution applied to small samples. Since the grades Z and 
Zs are related to the mass, supposedly constant, of samples that have the same size, 
these two additive quantities can be predicted by kriging on the support of a produc- 
tion block V of volume 10 x 10 x 10 m°. These predicted grades are then divided to 
obtain a solubility ratio at the support of block V: 


ZEV) 
ZÁV) (7.23) 


S(V)= 


The metallurgical recovery at the block support is obtained by combining Eqs. (7.22) 
and (7.23): 


RV) = Gab + Diab SOV). (7.24) 


The metallurgist analyzes the performance of the process by studying R(V), whereas 
the geologist assesses the economic value of the block by calculating its recovered grade: 


ZaV)=RV)ZE(V) = Gab Zi (V) + Dian ZE(V). (7.25) 


Apart from the usual questioning about the optimality and unbiasedness of this com- 
bination of predictors, an important difference with respect to the flotation of the 
sulfide copper ore stands out: the willingness to calculate a recovery for each block 
V, whereas in the other case, only one recovery rate is used for the entire deposit. 
Another observation that comes from the same pragmatism of the operators: in the 
previous expressions, and for the deposit that will be studied hereunder, the coeffi- 
cient djgp is not zero. Even if the measured solubility is equal to zero, the operator 
is considering a nonzero recovery of the metal. Seen from this angle, the expression 
(7.25) shows that it represents the percentage of the total grade that must be added to 
the soluble copper grade to obtain the desired quantity. Geometallurgists are aware 
that both the predicted solubility of Eq. (7.23) and the regression (7.22) modeling the 
recovery can be improved. 


7.2.3 Distributions of the recovered grade and recovery rate 


Still in the Atacama Desert, we move to the Gabriela Mistral deposit, located about 
130 km southwest of Chuquicamata and in operation since 2008. Thirty laboratory 
measurements are available, providing S and R. The geographical coordinates of 
the samples are unknown; only their belonging to three zones (North, South and 
Periphery) is known. 


160 Recovery and geometallurgy 


In addition to these few data that provide R and are used to construct the linear re- 
gression (7.22), more than 15,000 drill-hole samples are available, in which Zy and Zs 
are measured, allowing the calculations (7.23), (7.24) and (7.25) (Figure 7.11). 

Let us start with the laboratory and observe the first regression line, based on all the 
laboratory data, without distinguishing the geographical zone (Figure 7.12a). 

For a zero solubility, the assumed recovery is jy = 0.29, a quantity that considera- 
bly changes when the regression is carried out by geographical zone (Figure 7.12b—d, 
and table in the center of the figure). Although the number of samples per zone is too 
small to give credit to such regressions, it is clear that considering a single regression 
for all the zones is certainly not the best option. The conclusion that emerges once 
again is to predict Z7(V), Zs(V) and Zp(V) by cokriging or by joint simulation. With 
15,000 point-support pairs (Zy, Zs) and only 32 triplets (Zp, Zs, Zp) on a second larger 
support, one is in a highly heterotopic context where multivariate analyses should be 
favorable. Unfortunately, because the laboratory samples had unknown coordinates, 
these predictions could not be made. 

Derived from the data in Figure 7.11, the coefficients of variation associated with 
Zy, Zs and S are 59%, 63% and 32%, respectively (Figure 7.13a—c), significantly higher 
than those of Zy and R found in flotation (Figure 7.8a and c). This presages more im- 
portant spatial variations for the recovery (extraction) R. 

The linear regression of Zs upon Zy (Figure 7.13d) shows a significant correlation, 
greater than 0.7, and a significant dispersion around this regression. This reinforces 
the conclusions about cokriging or cosimulating (Zy, Zs, Zp): the pair of coregional- 
ized variables (Zy, Zs) is insufficient, and the third variable is essential to explain all 
the variability of Zy. 

By using the different regressions per zone to calculate Zr according to formula 
(7.25) in which the volume V is not a block, but the volume associated with a sample, 
the distributions of Figure 7.14a are obtained, which can be compared with the one 
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Figure 7.11 Gabriela Mistral deposit: 15,000 drill-hole samples in which the total 
copper grade Zy and the soluble copper grade Zs are known. 
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Figure 7.12 Metallurgical recovery and solubility. Horizontally, the solubility S, and 
vertically, the ‘extraction’ playing the role of the metallurgical recovery 
R. (a) All the samples are used. (b), (c), (d) Samples by zone, respec- 
tively, north, south and periphery. In the center, a table with the different 
regression coefficients, as per formula (7.22). 


associated with a global regression. The calculation for the south zone is not possi- 
ble, because there are not enough samples in this zone. The distributions of Zz are 
very close in all the cases. The reason is as follows: the distributions of Zy and Zs 
are close (Figure 7.13a and b), and the correlation between these two variables is high 
(Figure 7.13d). Since the sum djgp + bjap is always close to 1, a small contribution of one 
of the two variables Zy and Zs in formula (7.25) is compensated with a larger contribu- 
tion of the other variable, with a result that ultimately depends little on the regressions. 
Now, when examining the different distributions of the recovery R, calculated using 


formula (7.22) and the true value of S: 


-2s 


S= 
ZH (7.26) 
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Figure 7.13 Total and soluble copper grades. (a) Histogram of Zp; (b) histogram of 
Zs; (c) histogram of S; (d) scatter plot between Zy (horizontal axis) and 
Zs (vertical axis). The conditional expectation (broken line) is almost a 
straight line. 


important differences appear between these distributions, due to the strong disper- 
sion of S around its regression (Figure 7.14b). 

For the distribution associated with the north zone, R varies little around its average 
because in formula (7.24) that gives R as a function of S, the coefficient bja is about 0.14, 
for a constant a, of 0.7. The fluctuations of S around its regression are very little re- 
flected in R for this zone, unlike the periphery zone where the opposite occurs (aap equal 
to 0.25 and by,» greater than 0.8). Since most of the available samples belong to this pe- 
ripheral zone, the global distribution is close to the distribution associated with this zone. 

As a conclusion of this study, the small number of laboratory data did not allow 
obtaining reliable linear regressions, and the absence of coordinates made it impossi- 
ble to cokrige Zy, Zs and Zr. However, sensitivity tests show that, with the introduc- 
tion of the solubility as a new actor, the situation is reversed with respect to flotation. 
While, in flotation, the metallurgical recovery rate R is relatively constant throughout 
the deposit, this coefficient here becomes extremely variable from one place to another. 

It seems clear that the laboratory measurements should be repeated, with the idea of 
cokriging Zy, Zs and Zp to optimally predict the recovered grade Zr. This cokriging 
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Figure 7.14 Global and local regressions. (a) Distributions of Zg when regressions 
are used in each zone, compared with a global regression. (b) Distribu- 
tion of the recovery rate R per zone. 


would jointly use the laboratory data (in which the metallurgical recovery is meas- 
ured) with the numerous drill-hole data (in which the recovery is not available but the 
solubility is), which takes into account the different supports between the laboratory 
measurements and the drill-hole measurements. 


7.2.4 Simulating the solubility on a block support 


Formula (7.23) calculates the solubility of a block V by the ratio of the kriged soluble 
and total copper grades. This ratio is biased because it divides two predictions, unless 
the latter are made with exactly the same parameters (variogram model and kriging 
neighborhood) (Séguret et al., 2014, and Chapter 6, Section 6.2.1), which is seldom the 
case. In addition, the prediction is smooth compared with true solubility. On the other 
hand, formula (7.26) uses the grades measured in the drill-hole samples, thus avoiding 
the smoothing effect, but this formula is only valid for the quasi-point support associ- 
ated with a sample and not for a voluminous block. 

Simulating the block-support solubility would offer an alternative to formulae (7.23) 
and (7.26). However, such a simulation is complex due to the fact that the solubility is 
not additive: therefore, it is not enough to simulate the solubility at a point support and 
average it in a block, because this calculation would also be incorrect. 

An easy-to-implement approach is presented hereunder to avoid this inconvenience 
(Emery et al., 2004), based on the joint simulation of the total copper grade (Zp), the 
soluble copper grade (Zs) and the solubility ratio (S). Since these three variables are 
linked by the relation S = Zs/Zp, it is necessary to simulate only two of them in order to 
derive the third one. The choice of these two variables is guided by the model used for 
the simulation, in this case, the multi-Gaussian model. First, the Zy, Zs and S data are 
transformed into Gaussian values, and the scatter plots between transformed variables 
are examined (Figure 7.15). Only the Gaussian transforms of Zy and S draw an ellipti- 
cal (almost circular) scatter plot that is compatible with a multi-Gaussian hypothesis. 
Therefore, this pair of variables will be chosen to perform the simulation. Although 
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Figure 7.15 Scatter plots between the Gaussian transforms of the total copper grade, 
soluble copper grade and solubility. The scatter plot between the Gauss- 
ian transforms of the total copper grade and the solubility (bottom) is 
almost circular, which is the reason why this pair of variables is chosen 
for multi-Gaussian simulation. 


both variables are poorly correlated, with a correlation coefficient equal to —0.075, the 
simulation will reproduce the correlations observed between the Gaussian transforms 
of Zs; and Zy and between those of Zs and S (0.732 and 0.576, respectively), given that 
Zs is the product of the two simulated variables Zy and S. 

The low correlation between the Gaussian transforms of the total copper grade, and 
the solubility is corroborated by the variogram analysis of these two variables: the cross- 
variograms exhibit very low values compared with the direct variograms (Figure 7.16). In 
other words, the total copper grade has little influence on the solubility and, consequently, 
on the metallurgical recovery (eq. 7.22). The direct and cross-variograms are fitted with a 
linear model of coregionalization that includes a nugget effect, spherical and exponential 
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Figure 7.16 Direct and cross-variograms of the Gaussian transforms of the total 
copper grade and solubility ratio, along the horizontal (a, c, e) and verti- 
cal (b, d, f) directions. Dotted lines and dots: experimental variograms. 
Continuous lines: modeled variograms. 
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structures. Note the very marked anisotropy between the horizontal (Figure 7.16a, c, 
and e) and vertical (Figure 7.16b, d, and f) directions, with a scale factor that varies in one 
order of magnitude, as well as the presence of a nested structure of very short range that 
explains much of the overall variability. 

Having modeled their joint spatial correlation, the total copper grade and solubility 
ratio are cosimulated in a regular grid of fine mesh (2 x 2 x 2 m°), conditionally on 
the drill-hole data. The simulation is performed by using the turning bands method 
already mentioned in Chapters 2 and 4, on a part of the sampled region of Figure 7.11. 
For each simulation and each grid node, the simulated soluble copper grade is calcu- 
lated by multiplying the simulated values of the total copper grade and the solubility 
ratio (Figure 7.17). Simulations exhibit an important spatial variability at a small scale. 

The change of support is made on the simulated total and soluble copper grades, 
which are additive, considering blocks of dimensions 20 x 20 x 10 m?. The solubility 
in the block support is finally calculated by dividing, for each simulation and each 
block, the averages, in the block, of the simulated soluble and total copper grades. 
Although the simulations are smoother than those obtained on a point support due to 
the support effect, the spatial variability of the solubility in the block support remains 
considerable (Figure 7.18a and b). This is not the case for the block-to-block average of 
50 simulations, which hides this spatial variability (Figure 7.18c), even ifit constitutes an 
approximation of the best predictor of the block-support solubility (‘best’, in the sense 
that it minimizes the mean squared error). The ratio of the kriged block-support soluble 
and total copper grades (Eq. 7.23) produces a less smooth prediction (Figure 7.18d) but 
suffers from global and conditional biases (Figure 7.19). 


7.2.5 Conclusions 


Modeling the solubility ratio is convenient from a mathematical point of view, since it 
avoids cosimulating the total and soluble copper grades that are linked by an inequal- 
ity constraint. Here, it is sufficient that the simulated total copper grade is positive and 
that the simulated solubility ratio is between 0 and 1, conditions that are automatically 
satisfied by the choice of the respective anamorphosis functions. However, working 
with the solubility ratio, a nonadditive quantity, raises questions of a physical nature, 
in particular with regard to the fact that the results are subordinated to a particular 
support and any change in support requires getting back to the total and soluble cop- 
per grades. In addition, some mathematical operations make little physical sense, such 
as averaging the simulated solubility ratio in a block support in order to predict the 
‘expected’ value of the solubility of this block. 

These questions without real answers should be the object, in the near future, of an 
investigation applied in this new discipline called geometallurgy, born during the last 
fifteen years at the initiative of Pedro Carrasco, a discipline that has regular confer- 
ences in Latin America (2012, 2014 and 2017-2020 in Santiago de Chile, 2016 and 2018 
in Lima, Peru), Australia (2011 and 2013 in Brisbane, 2016 in Perth) and South Africa 
(2018 in Cape Town) — keyword ‘geomet’. Note that the first congress in Brisbane in 
2011 was dedicated to Pedro Carrasco, the initiator of the fruitful collaborations of 
which this work is, in part, the summary (Beniscelli, 2011). 

Geometallurgy is now taught in universities on five continents. Some recently ad- 
dressed research topics are the influence of mineralogy on the economic evaluation of 
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Figure 7.17 Two conditional simulations on a point support of the total copper grade 
(a), solubility ratio (b) and soluble copper grade (c), derived by multiply- 
ing the total copper grade by the solubility ratio. Grades are measured 
in percentages; the solubility ratio is a fraction between 0 and |. Rep- 
resentations of a horizontal section of a sector of the deposit. 
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Figure 7.18 (a, b) Two conditional simulations of the solubility ratio on a block of 
dimensions 20 x 20 x 10 m?. (c) Average of 50 simulations. (d) Quo- 
tient of the kriging predictions of the soluble and total copper grades. 
Representations of a horizontal section. 


deposits (Hoal et al., 2013), the influence of geological uncertainty in the planning and 
operation of concentrators (Navarra et al., 2017), or the incorporation of hyperspectral 
information from drill-hole samples to characterize their mineralogy and texture or 
to predict rock grindability indices (Linton et al., 2018). For an apparently exhaustive 
and objective historical review of the geometallurgical approach, it is recommended 
to read Lotter et al. (2011) as well as van den Boogaart and Tolosana-Delgado (2018). 
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Figure 7.19 Conditional bias of the solubility predictor (7.23) based on the ratio 
of kriged block-support grades. (a) Scatter plot between the solubility 
predicted by Eq. (7.23) (horizontal axis) and the simulated solubility (ver- 
tical axis); the regression curve (gray broken line) differs from the diago- 
nal (black straight line). (b) Distribution of simulated solubility when the 
prediction (7.23) is equal to 0.6; the average simulated solubility is then 
0.67. (c) Same exercise with a prediction (7.23) equal to 0.7; the average 
simulated solubility is then 0.69, and the conditional bias is low for this 
specific value of the solubility predicted by Eq. (7.23). 
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The term sampling, as studied by Pierre Gy from the 1950s (Gy, 1954, 1956), should 
be taken in a more general sense where the reality, at different scales, is known only 
through samples, the number and quality of which may vary. The first section of this 
chapter identifies the most common sources of sampling errors and presents some 
exploratory tools to check the quality of a set of sampling data. The next two sections 
focus on sampling biases related to the use of different sources of information and to 
a nonrepresentative (preferential) sampling of the region under study. 
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8.1 Information quality 


The available exploration drill-hole data or production data can be subject to numer- 
ous errors that affect their coordinates or their values. These errors can occur in dif- 
ferent sampling stages, in particular: 


e registration of drill-hole headers; 

e registration of drill-hole orientations; 

e control of drill-hole deviations; 

e collection or preparation of samples; 

e identification, by the geologist, of the rock type, mineral type and degree of 
alteration; 

e chemical analysis of grades; 

e transcription and registration of the grade values. 


One consequence is the occurrence of inconsistencies in the data sets provided 
to the geostatistician. For example, he/she could find data located above the top- 
ographic surface, high copper grades in areas that the geologist has logged as 
leached material, soluble copper grades greater than total copper grades, propor- 
tions of minerals that sum to more than 100% — sometimes a real time-consuming 
nightmare in a context where the study time is scarce. Before the geostatistical 
study, some precautions are required to minimize the sampling errors, including 
the following: 


e registering and using the original geological logging of the drill-hole cores; 

e unifying the criteria for the geological interpretation of the rock types, mineral 
types, alterations and structural domains; 

* monitoring the performance of the drilling in relation to the drilled length, the 
control of deviations and the sample recovery; 

e establishing quality assurance and quality control (QA/QC) systems with, in par- 
ticular, the insertion of blanks (waste samples with zero or insignificant grades), 
standards (certified reference materials with known grades) and duplicates (two 
subsamples extracted from the same sample) in each batch of samples sent to the 
chemical analysis laboratory, in order to check the absence of contamination of 
the measurements, their accuracy (absence of systematic error or bias) and their 
precision (low error variance); 

e establishing a policy that aims at preserving the data integrity. 


Likewise, the geostatistician must carry out a thorough exploratory study of the data 
before moving on to the modeling, prediction or simulation stages (see Section A.1 
in Appendix). In particular, this study may reveal some inconsistencies between the 
different sources of available information: 


* interpreted geological model incompatible with the logging made on drill-hole 
samples; 
e geological interpretation incompatible with the measured grades; 
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e spatial coordinates incompatible with the topographic survey; 

* inconsistencies between grade measurements made through different types of 
sampling: diamond drill holes, reverse circulation drill holes, blast holes, among 
others. 


Among the set of exploratory tools, three are particularly helpful for the detection of 
errors or anomalies: maps, (lagged) scatter plots and experimental variograms. We il- 
lustrate with the Codelco-Andina data presented in Chapter 3 (Figure 3.2). In addition 
to the total copper grades, the predominant rock type is recorded for each compos- 
ite sample, grouped into three main facies: granodiorite (granitoid), highly mineral- 
ized tourmaline breccia and poorly mineralized contact breccia. The projection maps 
suggest several errors in the rock type record, with two drill holes and a few isolated 
samples labeled as contact breccia in the middle of the tourmaline breccia and gran- 
odiorite (Figure 8.1); these suspicious drill holes and samples may need to be relogged 
by geologists. 

The copper grade measurements have been subject to a quality control program that 
includes the use of duplicates of the same drill-hole cores. The two grades measured 
on each pair of duplicates have been included in the database. Among a total of 72 
pairs of duplicates, more than one half (37) have a difference of grades less than 0.1%; 
only two pairs of duplicates have measurements that differ by 1% or more (Figure 8.2), 
suggesting that all the samples belonging to the same batches should be reassayed. 
The semivariance of the errors (moment of inertia of the scatter plot) is equal to 0.036, 
a value very close to the modeled nugget effect of the variogram of the drill-hole grades 
(Figures 3.7a and 8.4b) and equal to one-tenth of the grade variance (Figure 3.3b). 
This order of magnitude of the measurement error dispersion comparatively to the 
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Figure 8.1 Data from the Sur-Sur mine of Codelco-Andina. Projections in horizontal 
and vertical sections of the samples in local coordinates. The scale indi- 
cates the rock type. Several data (enclosed in dotted ellipses) labeled as 
belonging to the contact breccia are isolated in the middle of the tourma- 
line breccia and granodiorite, suggesting errors in the rock type registra- 
tion and the need for geological relogging. 
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Figure 8.2 Data from the Sur-Sur mine of Codelco-Andina. Scatter plot between 
duplicate measurements of diamond drill holes. The squares indicate two 
pairs of measurements that differ by 1% or more. The semivariance of the 
errors between duplicate measurements (inertia of the scatter plot) is 
equal to only one-tenth of the copper grade variance. 


copper grade dispersion is considered acceptable and corroborates the precision of the 
drill-hole measurements. 

Finally, blast holes are drilled during production, with a support comparable with 
that of the drill holes (12 m in length) (Figure 8.3). Their average grade (1.15%) is much 
higher than that of the drill holes (0.90% if one refers to the declustered histogram in 
Figure 3.3b). However, this difference is not due to a bias in the blast-hole measurement 
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Figure 8.3 Data from the Sur-Sur mine of Codelco-Andina. Projections in horizontal 
and vertical sections of blast holes in local coordinates. The scale that 
indicates the copper grade is the same as that used in Figure 3.2. 
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Figure 8.4 Data from the Sur-Sur mine of Codelco-Andina. (a) Lagged scatter plot 
between drill-hole measurements and blast-hole measurements for a sep- 
aration distance less than 4 m. The tendency of the points to align around 
the diagonal indicates an absence of bias between the two types of meas- 
urement. The greater dispersion, compared with the scatter plot in Figure 
8.2, is due to the lower precision of the blast-hole measurements. (b) 
Experimental variograms calculated along the vertical direction for dis- 
tances between 12 m and 36 m. The significantly greater nugget effect for 
the blast holes corroborates the suspicion of its poorer precision, for two 
variograms that could be derived from each other by a simple translation 
parallel to the vertical axis. The supports of the two types of measure- 
ment are comparable (drilling length of 12 m). 


but can be explained by the fact that the domain covered by the blast holes does not ex- 
actly coincide with the domain covered by the drill holes, a ‘sampling effect’ that will 
be referred to again in the next section of this chapter and relates to a stationary de- 
fect. The absence of bias — in other words, the accuracy — is corroborated by the lagged 
scatter plot between the drill-hole and blast-hole grades for a separation distance of no 
more than 4 m: the points of the scatter plot are aligned along the diagonal and reveal 
no systematic errors (Figure 8.4a). On the other hand, the comparison of the vario- 
grams of the drill-hole and blast-hole grades at small distances (Figure 8.4b) indicates 
a greater nugget effect (approximately 0.1 unit more) for the blast-hole data, suggesting 
a lower precision of these measurements and partly explaining the greater dispersion 
around the diagonal of the scatter plot in Figure 8.4a (inertia equal to 0.105) compared 
with the scatter plot in Figure 8.2 (inertia equal to 0.036). 


8.2 Inconsistencies between samples from different sources 


In the study presented in the following (Séguret, 2011b), also related to the 
Codelco-Andina mine in central Chile, laboratory data from geometallurgical sam- 
ples (which measure the metallurgical recovery, among other variables) are compared 
with exploration drill-hole data. The analyses show very informative inconsistencies 
about procedures that may be common in the industry. 
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8.2.1 Problem setting 


Based on the same original copper ore, the ‘drill-hole’ data and the ‘laboratory’ data 
(to use the expression of the professionals) should provide the same grades in the same 
places when the support is the same. Here, however, this is not the conclusion that 
is reached: the grades do not have the same range (histograms of Figure 8.5a and b) 
and the variograms are very dissimilar. In Figure 8.5c, the sill of the variogram of 
the laboratory data is less than one half of the sill of the variogram of the drill-hole 
data. It is almost a pure nugget effect for the laboratory data, while there is a spatial 
structure for the drill holes. To simplify the notations, the ‘A’ as head of the previous 
chapter is here replaced by ‘T’ as total. 
What happened? Four guilty practices were identified by the ‘geoinvestigator’: 


e spatial restriction; 
e regularization; 
* sampling density; 
e grade selection. 


8.2.2 Investigation details 


Figure 8.6 shows that the domain covered by the laboratory data is smaller than the 
domain covered by the drill-hole data. 

When the analysis of the drill-hole data is restricted to the domain covered by the 
laboratory data, the variance is reduced by 20% (Figure 8.7b). The difference is due 
to an isolated group of high values that do not belong to the same geological unit 
(facies), the grades being only approximately stationary at the kilometer scale. In the 
following, the analyses of the drill-hole data are limited to the domain covered by the 
laboratory data. 

A second cause is the support of the measurements. The laboratory data have a 15 m 
support and the drill-hole data have a 10 m support, while the drilling diameters range 
from a few centimeters to tens of centimeters. Using the same deconvolution—convolu- 
tion techniques as in Chapter 5 when comparing the blast-hole measurements with the 
drill-hole measurements, this support difference is estimated to cause a drop of less 
than 10% of the initial sill (Figure 8.8). 

The third cause has more important consequences. The spatial domain covered by 
the laboratory data contains more than 3,000 drill-hole samples but only about 200 
laboratory measurements. To assess the effect of the sampling density on the quality 
of the variogram, the initial set of drill-hole measurements is randomly divided into 
two subsets, trying to cover the domain in a homogeneous manner. The operation is 
performed three times to obtain 16 subsets of approximately 200 drill-hole samples. 
For each of these subsets, a variogram is calculated. Figure 8.9a and b shows that, with 
800 samples, a variogram that characterizes the domain can still be calculated. The 
possible range of variograms becomes extremely wide with 400 samples (Figure 8.9c), 
and even frightening when only 200 samples are used (Figure 8.9d). In other words, the 
200 laboratory samples are insufficient to reflect the spatial variability of the grades. 
Any of the 16 variograms in Figure 8.9d is admissible, with a range of possible nugget 
effects varying from simple to sixfold. 
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Figure 8.5 Laboratory and drill-hole data. (a) Histogram of the total copper grades 
TCuarin of the drill-hole data. (b) Histogram of the total copper grades 
TCujap of the laboratory data. (c) Variograms of the drill-hole and labora- 
tory grades. 
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Figure 8.6 Codelco-Andina data. The domain covered by the drill holes is larger than 
that covered by laboratory data, in a context where the grades are not 
stationary at the scale of | km. 
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Figure 8.7 Effect of the domain covered by the measurements. (a) Distribution of 
drill-hole data in the domain of the laboratory data. (b) Variogram of the 
drill-hole data throughout the entire domain and in the laboratory data 
subdomain. 
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Figure 8.8 Effect of the change of support. The lower continuous variogram is the 
equivalent of the upper one when the support changes from 10 m to I5 m. 


The last cause deals with the grade selection. The histogram in Figure 8.5b shows 
that the grades analyzed in the laboratory do not exceed 2.45%, while the drill-hole 
grades can exceed 9%. The same applies to the minimum, which, in the drill holes, 
can reach 0%, while it is not less than 0.17% in the laboratory. In fact, after a tense but 
polite interrogation, the laboratory operator confessed to the geoinvestigator that he 
discarded the extreme samples because he was looking for samples that were ‘repre- 
sentative’ of an average behavior, at the scale of a block, so that his metallurgical re- 
covery rate could be used directly in the geologist’s block model. Therefore, not all the 
variability of the total grades is sampled, nor the variability of the recovered grades 
that are related to the total grades. The predicted metallurgical recovery is probably 
very optimistic, which is why, after these calculations, the operators apply a ‘safety 
factor’ equal to 80% of the recovered grades calculated from these samples. 

When the selection and trimming of drill-hole data are applied, a dramatic drop of 
the variance is observed (Figure 8.10a). In addition, a decrease in the amplitude of the 
set of possible variograms occurs in the case of a subsampling (Figure 8.10b). 
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Figure 8.9 Effect of the number of samples on the variogram of drill-hole grades. The 
drill-hole data remain in the domain of the laboratory data. One goes from 
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two, until only 200 data are available. At each step, a variogram is calcu- 
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Figure 8.10 Effect of selection and trimming. (a) Intermediate curve: the variogram 


of the drill hole grades when data greater than 2.45% are omitted. Upper 
curve: the variogram of all the drill-hole grades in the laboratory domain. 
(b) The intermediate curves represent the different variograms obtained 
with approximately 200 drill-hole samples taken at random and without 
the grades greater than 2.45%. 
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8.2.3 Synthesis 


Figure 8.11 summarizes the different causes involved, all of them related to sampling, 
the most significant one being, by far, a preferential grade selection, followed by the 
small number of data. Between 400 and 800 measurements are needed to cover the 
domain and to obtain a representative variogram of the grade variability. 


8.2.4 Modeling the sampling effect 


Since the regularization only represents a small percentage of the ‘sampling effect’, 
the deconvolution techniques used in Chapter 5 are not very useful in this case. It is 
preferred to use a direct multivariate approach to construct a model that allows the 
joint use of laboratory data and drill-hole data. 

In order to evaluate the link between the total copper grades TCug,i; and TCujap, 
the process of migration is still necessary because no laboratory data exactly matches 
the location of a drill-hole data. Figure 8.12a shows the scatter plot obtained for data 
migrated less than 5 m. The variogram analysis leads to a linear model of coregion- 
alization based on three independent nested structures: two structures, one for each 
variable, representing the measurement errors and a third, shared, structure giving an 
experimental correlation equal to 0.82. Established on the basis of migrated data, this 
model is then adapted to all the drill-hole data by introducing a scaling coefficient to 
account for the difference of variances between the TCug,;; variogram and the TCujap 
variogram of Figure 8.5c. The fitting of Figure 8.12b is obtained as the result. 

It remains to link this model to the objective, which is to predict at each point of a 
fine grid the recovered copper grade RCuj,, measured in the laboratory. The correla- 
tion between RCujap and TCuj,p is almost perfect (Figure 8.12c), so that knowing one 
of these two variables is practically equivalent to knowing the other one. Accordingly, 
cokriging the three variables TCuj,,, RCuj,, and TCug,;1) is not necessary, and a bivar- 
iate model (TCug,i11, RCujgp) is enough. This is further justified by the fact that a linear 
regression of RCu,,, on TCuj,} delivers an unstructured residual whose variance is 
almost zero. This regression makes it possible to link RCuj,, with TCuj,,, therefore 
RCuj,ay with TCug, i, and leads to the fitting of Figure 8.13. 
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Figure 8.11 Synthesis of the different causes of the ‘sampling effect’. 
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Figure 8.12 Total and recovered copper grades. (a) The scatter plot between TCug,iii 
measurements (horizontal axis) migrated to the TCuj,, measurements 
(vertical axis) located less than 5 m away. (b) Joint variogram fitting of 
TCuarin and TCujap. (c) Scatter plot between TCuj,p (horizontal axis) and 
RCujap- 


This model is used to predict the recovered grade RCujap measured in the laboratory 
from the TCug,i1; and RCujap data. To test it, a cross-validation is carried out on the 
laboratory data. The performance is assessed by the standard deviation of the errors 
between the true RCuj,p values and their predictions. The histogram in Figure 8.14b 
shows that a cokriging based on the two types of measurements is significantly more ef- 
ficient than a kriging based solely on the laboratory data (Figure 8.14c), since the error 
variance decreases by almost 50%. Although they are already good, these results can 
be further improved by predicting the recovered grade measured in the laboratory by a 
simple linear regression applied to the kriging of TCug,;1; (histogram of Figure 8.14a), 
regression based on the coefficients derived from the scatter plot of Figure 8.12c. The 
reason is twofold. First, in a context where the drill-hole measurements are dense, 
the cross-validation implies that, near each RCujap measurement where a kriging of 
TCugrit) is carried out, there is a TCugari measurement, which receives a large krig- 
ing weight due to its proximity. This makes the test not much discriminatory since 
everything happens almost as if the predictor were equal to this nearby value. Second, 
cokriging RCujap knowing RCujap and TCug, i; relegates TCuari to the role of an aux- 
iliary variable, less influential than the primary variable even if some auxiliary data 
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Figure 8.13 Final bivariate model. The points represent experimental variograms, 
and the continuous lines represent the fitted models. (a) RCujap vario- 
gram. (b) Cross-variogram between TCug,ij; and RCujap: only the model 
is represented due to the total heterotopy of these measurements that 
prevents the calculation of the experimental cross-variogram. (c) TCug, iii 
variogram. 


receive significant weights. A cokriging with related means (Emery, 2012a), in which 
both variables play the same role, would undoubtedly improve the results and make 
the performance of cokriging at least equal to that of the regression upon the kriging 
results. The proof of this statement will be made in the next section. 

In short, the density of drill-hole measurements is so large compared with the labora- 
tory data that the incorporation of the laboratory information adds almost nothing to 
the cokriging system, as was the case presented in Chapter 5 where the cokriging of blast- 
hole (many) and drill-hole (fewer) data was barely more efficient than a kriging based 
solely on the blast-hole data. Here again, the abundance of information prevails over 
the geostatistical model, whose purpose is to compensate for the lack of measurements. 


8.3 Preferential sampling 


Preferential sampling is another problem commonly found in the evaluation of min- 
eral deposits. Two practices are particularly frequent. 

The first is to intensify the sampling effort in the areas of the deposit with the high- 
est grades. We had the opportunity to learn about this practice in Chapters 1 and 3 
for the Rio Blanco-Los Bronces deposit. In such cases, the experimental distribution 
of the sampled grades is likely to give a biased estimate of the underlying true distri- 
bution. The geostatistician generally applies compensation techniques, by assigning 
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Figure 8.14 Prediction errors and cross-validation. Distributions of RCuj,, predic- 
tion errors resulting from cross-validation. The quality criterion of the 
prediction is the standard deviation of the errors. (a) The predictor is a 
linear regression on the kriging of TCuari with coefficients established 
in the laboratory. (b) The predictor is a cokriging of RCujap and TCuaril- 
(c) The predictor is a kriging of RCujap. 


a greater weight to the data located in the subsampled areas and a lower one to the 
data of oversampled areas. The weights can be calculated by using algorithms based 
on purely geometric criteria (see, for example, Figure 3.3 in Chapter 3) or including 
the spatial continuity of the grades, for example, kriging weights (Chilès and Delfiner, 
2012). Attention should be drawn to the fact that not only the experimental distribu- 
tions are biased, but also the experimental covariances and variograms, the calcula- 
tion of which should also be based on a weighting of the data (Rivoirard, 2001; Emery 
and Ortiz, 2007), a practice that unfortunately is still not widespread in 2020. In par- 
ticular, when low-grade areas are undersampled, biases in the experimental variogram 
can result in a change of shape, an increase of the sill or the emergence of a hole effect 
with respect to the true underlying variogram (Emery, 2012b). 

The second practice is to nonpreferentially sample the field when measuring the total 
grade and to measure another variable of interest (for instance, the soluble grade) 
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only if the total grade is greater than a given threshold. This time, the bias affects 
the soluble grade distribution, its direct variogram and its cross-variogram with the 
total grade. Again, weighting techniques can be implemented to eliminate, or at 
least to mitigate, the bias, which can also be corrected by an ad hoc modeling of the 
bivariate distribution of total and soluble grades. This last approach is illustrated in 
the following in the case of the Gabriela Mistral deposit presented in the previous 
chapter. 

From the data set in Figure 7.11 (more than 15,000 drill-hole samples with infor- 
mation on both the total and soluble copper grades, without preferential sampling), a 
new data set giving a biased image of the soluble copper grade distribution is created 
by eliminating the information on the soluble copper grade for 85% of the data with a 
total copper grade less than 0.3%, which mimics preferential sampling designs com- 
monly found in mineral resources evaluation (Figures 8.15 and 8.16a). Based on this 
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Figure 8.15 Nonpreferential sampling: (a) histogram of the total copper grade of the 
original data set (15,622 data), (b) histogram of the soluble copper grade 
of the original data set (15,431 data). Preferential sampling: (c) soluble 
copper grade histogram of the subsampled data set (10,521 data), which 
provides biased statistics compared to the histogram (b). 
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Figure 8.16 (a) Quantile—quantile plot between the soluble copper grade of the orig- 
inal data set (horizontal axis) and the soluble copper grade of the biased 
data set (vertical axis). The points of the plot, all located above the di- 
agonal, highlight the bias induced by the preferential sampling. (b) Same 
plot, this time by considering in vertical axis the marginal distribution 
of soluble copper grade obtained from a bivariate distribution model 
between the total and soluble copper grades. The bias is imperceptible. 


new biased data set, the bivariate distribution (total grade/soluble grade) is modeled 
through the following stages (Emery, 2012b): 


modeling of the total copper grade distribution, via an anamorphosis to a gamma 
distribution; 

application of the same anamorphosis to the soluble copper grade; 

calculation of the ratio between the transformed soluble and total grades; as 
for the solubility ratio calculated with the original copper grades, this ratio lies 
between 0 and 1; 

modeling of the experimental distribution of the previous ratio by a beta 
distribution whose parameters, dependent on the total copper grade, are fitted on 
the basis of the available data; 

simulation of the gamma transform of the total copper grade; 

simulation of the beta variable corresponding to the ratio of the transformed 
soluble and total copper grades; 

backtransformation to obtain numerous joint simulations of the total and soluble 
copper grades. 


The use of gamma and beta distributions is motivated by the nature of the variables 
to be modeled: positive copper grades with a highly skewed distribution (gamma) 
and ratio between 0 and 1 (beta), which may not be verified if one had opted for 
Gaussian anamorphoses. 


The distributions of the simulated total and soluble copper grades almost perfectly 


coincide with those observed in the original data set: in particular, the bias is no 
longer noticeable for the soluble copper grade (Figure 8.16b). The underlying hypoth- 
esis of the model that explains this success is that, for a given total copper grade, 
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the experimental distribution of the soluble copper grade is unbiased. In other words, 
the preferential nature of the sampling distorts the prior distribution of the soluble 
copper grades, but not their distribution conditional on a known total copper grade. 

Having corrected the marginal distribution of the soluble copper grade, one still has 
a long way to go through the geostatistical modeling and spatial prediction. In par- 
ticular, biases also occur in the variogram analysis stage, as seen in Figure 8.17 when 
comparing the experimental variograms of the original and biased data sets. The latter 
set leads to a variogram with a greater nugget effect and a greater sill, i.e., it exhibits 
too much spatial variability at both short and large scales. This is explained because 
the low soluble copper grade measurements (which are removed in the biased data 
set) are located in areas with less variability, a phenomenon known as a ‘proportional 
effect’ (Chilés and Delfiner, 2012). 

To make things worse, it is not enough to be able to infer without bias the distribu- 
tion and the variogram of the soluble copper grade data; their interpolation by kriging 
can produce biased predictions even if the kriging parameters (mean and covariance 
or variogram) are estimated correctly. Indeed, one implicit postulate of kriging is that 
the choice of the sample positions does not depend on their values, a postulate that 
does not hold in the case of a preferential sampling. 

When the total grade is not sampled preferentially, it is possible to use cokriging 
in order to remove or, at least, to attenuate the biases in the prediction of the soluble 
grade, provided that attention is given to the modeling of the mean grades. Indeed, 
traditional ordinary cokriging, which considers the means as unknown and unrelated, 
assigns to the data of the covariate (total grade) weights that add to zero (Wacker- 
nagel, 2003). As a result, the influence of the covariate on the prediction of the variable 
of interest (the soluble grade) is small and does not compensate for the sampling bias. 
If, on the contrary, a cokriging with related means is used, assuming that the mean 
soluble grade is a fraction, to be determined, of the mean total grade, these two means 
being unknown and possibly taking different values from one moving neighborhood 
to another, then the influence of the covariate is much more pronounced: the sampling 
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Figure 8.17 Experimental variograms of the soluble copper grades, calculated (a) in 
the horizontal plane and (b) along the vertical direction. The variograms 
with the lowest values correspond to the original data set (15,431 data). 
The variograms with the highest values correspond to the biased data set 
(10,521 data). 
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Figure 8.18 Scatter plots and regression lines between cokriged total and soluble 
block-support copper grades. The relationship between the grades im- 
proves considerably through the use of cokriging with related means 
(b) in comparison with the traditional ordinary cokriging (a). In particu- 
lar, the intercept of the regression line is very close to its ideal value 
(zero), the negative predicted grades are scarcer and the inequality con- 
straint between the total and soluble grades is almost always reproduced 
when using cokriging with related means. 


bias tends to disappear, and the predictions are more consistent, in particular, with a 
reduction in the amount of predicted soluble grades that are negative or greater than 
the predicted total grades (Figure 8.18) (Emery, 2012a). 


Chapter 9 


Conclusions and perspectives 


9.1 The importance of indicator variables 


Indicator functions have intervened several times in this book: in Chapter | to de- 
scribe the diatreme of El Teniente and the geological facies of the Ministro Hales and 
Rio Blanco-Los Bronces deposits, and in Chapter 2 for the calculation of the partial 
grade (the product of a grade by an indicator) to create a block model that takes into 
account the facies specificities. Being able to perform a kriging of such a binary func- 
tion always surprises at first when compared with the kriging of a quantitative variable 
like a metal grade. Indeed, a binary function has no nuances, and its spatial variations 
are abrupt since it passes without transition from 0 to 1, while a grade evolves contin- 
uously from one value to another — at least, it is what is expected when calculating the 
variogram. However, in practice, the experimental variograms of indicator functions 
usually appear much more continuous and less fluctuating than the experimental vari- 
ograms of grades, for a very simple reason: for the indicator, the range of possible val- 
ues is limited to 2 and the variogram cannot have a sill greater than 0.25 (Figure 9.1a), 
while for a grade, there is a sometimes wide range of possible values and outliers can 
affect the result of the variogram calculation based on the squared increments of the 
variable. This stability of indicator variograms is attractive to the geostatistician, who 
often wishes a ‘nice-looking’ variogram. 
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0.25 
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Figure 9.1 Indicator variograms and random sets. (a) The sill of the indicator variogram 
of set i is the product p;(1 — p;i), where p; is the proportion of ones that 
indicate set i, as compared with the total number of measurements. De- 
pending on pj, the variogram of the set indicator has a maximum sill of 0.25 
when p; is equal to 0.5. (b) Typical set associated with a variogram behav- 
ing, for h close to 0, like h* with a close to |. The contours are regular. (c) 
Typical set associated with a variogram behaving, for h close to 0, like h® 
with a close to 0. The contours are irregular. 
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Another advantage of the indicator function is that its variogram, for a given vector h, 
is interpreted as the probability that two measurements taken at points separated by 
h are on both sides of the boundary of the object (called a ‘random set’ in the geo- 
statistical jargon) represented by the indicator. Therefore, this variogram measures 
the transition to the geological object in a continuous manner and even character- 
izes the regularity of its boundary (Lantuéjoul, 2002; Emery and Lantuéjoul, 2011), 
as illustrated in Figure 9.1b and c. When the variogram of the indicator behaves, at 
small distances, as a power function 4” with a close to 1, the boundary of the object is 
regular, while for a close to 0, the boundary is diffuse. This concept of recognition of 
an object by a compact set (the two endpoints of a line segment, or any other topologi- 
cally closed and bounded set) that moves in the field is one of the foundations of math- 
ematical morphology, a twin discipline of geostatistics created by Georges Matheron 
and Jean Serra (Matheron and Serra, 2002). 

This ability to measure transitions also extends to transitions between different 
random sets by means of the quotients between the indicator cross- and direct vario- 
grams, seen in the analysis of partial grades (Eq. 2.14). This tool has a high potential 
because it allows determining the propensity of two sets to be in contact or, conversely, 
not to touch each other (Figure 9.2). It has been used to draw preferential contact dia- 
grams with which mining engineers were able to make important decisions about the 
exploitation of the deposit (Figure 2.9). This is just one application, there are probably 
many more, of what will undoubtedly become a cutting-edge geostatistical tool in the 
future. 


9.2 An omnipresent multivariate approach 


Cokriging and, more generally, multivariate analyses appear as a second important 
topic of this book. 

From the first chapter, the multivariate approach intervenes. The truncated Gauss- 
ian method is used to simulate facies while reproducing their transitions, reflected 
through indicator cross-variograms. This method is likely to generalize in mining, to 
model facies or geological units, or analogous objects such as the geotechnical units 
that are nothing more than geological units to which nonadditive geotechnical prop- 
erties such as the ‘safety factor’ are incorporated. The main difficulty in setting up 
this method is to find reference surfaces that can play the role of the sedimentary hori- 
zon of the oil reservoir case, an essential role because the correlations between meas- 
urements and the ‘vertical’ proportions curves are calculated along these reference 
horizons and perpendicularly to them. In northern Chile (Ministro Hales mine), the 
correlation lines followed a subvertical fault oriented from north to south that allowed 
the calculations to be based on ‘east-west’ proportions and thus reproduced the oil 
practices through a simple rotation by 90° of the coordinates. How to implement this 
method if such a reference surface does not exist? Today, although the method is used 
with different proportion curves at each node of the simulation grid, there is a need to 
find these reference horizons because they condition the inference of the model param- 
eters, in particular the indicator direct and cross-variograms that heavily depend on 
the reference system. The structure of the indicator variograms and the continuity of 
the simulations are often subject to the existence of a surface along which the physical 
phenomenon measured by the regionalized variable extends, and to the contrast of 
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Figure 9.2 Geological facies and quotient |¥,2(h)/y\(h)| of their indicator cross- 
variogram by the direct variogram of the first indicator, depending on 
the distance h. (a) Facies prone to not having contact: the ratio of the re- 
spective indicator variograms (b) is less than the sill p2/(I — pı) (Eq 2.14), 
indicating the presence of edge effects; (c) facies without preferential re- 
lationship (no edge effects): the indicator variogram ratio (d) is identically 
equal to the sill p2/(1 — pı); (e) facies prone to having a lot of contact: the 
indicator variogram ratio (f) is greater than the sill p2/(I — pı), showing 
edge effects (Maleki et al., 2017). 
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variability between this surface playing the role of a sedimentary horizontal surface 
and its perpendicular. 

The second chapter has also required multivariate analyses, which led to a cokriging 
of partial grades to build a block model in which the grades are predicted together with 
the indicators of typical facies with their own statistical properties. The demonstration 
of the interest of cokriging the partial grades, in comparison with the traditional, deter- 
ministic approach of the geologists, was made in the Radomiro Tomic deposit where a 
very fine network of production measurements was available, which allowed obtaining 
an almost perfect approximation of the true grades of the mined blocks. The compari- 
son of these ‘true’ grades with the predictions by cokriging or the predictions obtained 
by the geologists proved the benefits of the multivariate geostatistical approach. 

But the advantage of cokriging, compared with a kriging of the grade without taking 
the facies into account, is not always obvious. The study presented in Chapter 2 was 
carried out with data from the ‘underground Chuquicamata’ project, where there is no 
available block-support grade data. The performance of the calculations was evalu- 
ated by cross-validation for a point-support prediction, masking each data at the time 
of its prediction. Figure 9.3a shows that the gain generated by cokriging is relatively 
small, and the correlation with reality is equal to 0.643, while with an ordinary kriging 
of the grades without distinguishing the facies, this correlation is already 0.635. Why? 
Several causes have been identified (Séguret, 2013). First, the study area contains large 
domains that are associated with only one or two facies at the scale of the moving 
neighborhood, with the consequence that, in the cokriging matrix, only one submatrix 
associated with these facies is active, which makes, globally, equivalent to kriging. 
Secondly, the range of grades is not sufficiently differentiated between one facies and 
another. Finally, the grade variograms are very similar between one facies and another. 
When these parameters change, while respecting the original transitions of the facies, 
and a prediction is made only in a region of high variability where several facies in- 
tervene in the moving neighborhood, Figure 9.3b is obtained. This time, the benefit of 
cokriging the partial grades is more evident, since it allows going from a correlation of 
0.688 (new contrasted grades predicted by ordinary kriging) to 0.727 with the cokriging 
of the partial grades. Here, the distinction of facies through a model is useful. 

Several fairly general lessons result from this study. The partial grade construction 
reduces the problem to an isotopic situation where, at each data point, all the auxiliary 
variables are available. For an isotopic cokriging to improve univariate kriging, it is 
necessary that the variables are strongly contrasted, in particular for the submatrices 
associated with each variable to be different from each other. If they are not, cokriging 
does not contribute much, and even sometimes it is worse than kriging due to certain 
instabilities related to matrix calculations: because of their increased size, the cokrig- 
ing matrices may be poorly conditioned and lead to inaccurate results. Another lesson 
is that if, as in the case of poorly contrasted data, the partial grade approach is not 
effective compared with a kriging that does not consider the facies, is the approach of 
the geologists, who draw the facies and then predict the grade within each facies, really 
useful? In other words, at the scale of the production blocks, is it really useful to com- 
plicate the task and know that, in the end, grades that vary only a little are averaged 
between one facies and another? We suspect that, in many cases, these calculations 
do not bring benefit and a single kriging might be enough. Then it is possible to give a 
new light to the partial grade approach. While it represents, mathematically, the ideal 
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Figure 9.3 Prediction and reality. Scatter plots between predictions (horizontal axes) 
and reality (vertical axes). On the left, the prediction is a kriging that does 
not take the facies into account. On the right, the prediction is obtained 
by cokriging the partial grades. (a) The grades of the deposit are poorly 
contrasted from one facies to another, and the predictions are made 
throughout the deposit where there are large areas with only one facies. 
(b) The grades are strongly contrasted in their means and variograms. The 
predictions are carried out in a highly variable subdomain where several 
facies intervene at the scale of the production block. 


solution to the problem of predicting the block grades in a multifacies context, it can 
also be a quick test to know whether or not the grades by facies should be taken into 
account. If both approaches (direct kriging of the grade or cokriging of the partial 
grades) provide similar results, then it is likely that the traditional approach of the 
geologists — separating the facies before predicting the grade of each — is a waste of 
time; a single kriging of all facies together may be sufficient. In contrast, if the cokrig- 
ing of the partial grades shows great differences with kriging, then the information of 
the facies has a significant contribution. In this case, it is important that the geologist 
distinguishes the facies by either the traditional method or the partial grade one, which 
can be thought of as another way of drawing the contours of the geological objects. 

Other chapters also use multivariate analyses, whether or not they lead to cokriging 
systems. In Chapter 5, where the grades of drill holes and blast holes are analyzed, 
cokriging with related means is more precise than traditional cokriging that relates 
any two variables, since a formal link between the variables has been established using 
regression formulae. The same is true in Chapter 8 when it comes to predicting total 
(sampled nonpreferentially) and soluble (subsampled) grades. 
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9.3 Additivity and geostatistics 


Present at the heart of any geostatistical approach and all spatial statistics, additivity 
is a rarely evoked concept in the literature. At most, it is mentioned as a prerequisite 
for calculations, without further considerations, stating in a rather vague way that a 
variable is additive if ‘its arithmetic average has a meaning’ (Journel and Huijbregts, 
1978; Chauvet, 2008). 

We propose a more formal definition: consider n measurements Z(x;) (where x; is a 
vector of coordinates) distributed in a domain D. The additive question is: can these 
measurements be combined arithmetically to 


1. predict Z(x) at any point x? 
2. predict Z(V) for any volume V, possibly with V=D? 


Z(x) is additive if the answer is YES to both questions. 

The two questions are important because the first one, which invokes the intrinsic 
nature of the variable, refers to the spatial interpolation on the same support as the 
measurements, while the second question refers to the relationship of this variable 
with a change of support, the way to agglomerate it to represent a greater volume 
(Carrasco et al., 2008). 

A well-known case is the rock permeability that responds negatively to both ques- 
tions. Depending on the assumptions of the incoming water flow, the combination 
rules may be harmonic, geometric or arithmetic, either to interpolate the quantities or 
to evaluate them on a larger support. Therefore, a fairly general lesson is that the an- 
swer depends on a hypothesis that must be formulated: additivity depends on a context. 

Another typical case is the color or shade of gray of a regionalized material, which 
is a critical issue in the talc industry, for example, where it is important for the man- 
agement of talc preparations classified by hue and then mixed. It is enough that a small 
amount of black is mixed with a large amount of white to obtain a very dark gray prod- 
uct, the value of which is considerably lower than pure white product. In this case, the 
answer to the second question in relation to additivity is NO; it is not possible to arith- 
metically combine whiteness to express this quantity at the support of a larger volume. 
A function of the mixture involving the percentage of pure black in the mixture and its 
complement to 1 of pure white should be experimentally found. The answer to the first 
question is also negative in the talc deposit of Luzenac, France, that we visited in 2011: 
when the point x where Z(x) must be evaluated is halfway between two measurements 
Z(x1) and Z(x2), it makes no sense to assign the average of the two values to Z(x), not 
only due to the nonlinearity of the mixtures but also because in this deposit the talc is 
in the form of compact objects of an absolute white in direct contact with a very pro- 
nounced black substrate. There has been no alteration related to water, and there is no 
continuous gradation from black to white. Kriging the whiteness on a specific support, 
which is no more than an optimized average, makes no sense. Here objects should 
be recognized, with a possible approach being to map or to simulate the indicator of 
white objects. For whiteness, the two questions involve two different answers, which 
shows that the concept of additivity is doubly contextual: for the initial assumptions 
as for permeability and also for how the averages are used, what is expected of them 
and what they are supposed to represent when interpolated or by change of support. 
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In geotechnics, intrinsically nonadditive quantities have also been found, such as the 
rock quality designation (RQD) or the fracture frequency (FF). Without presuming a 
linearity under a change of support, the directionality of these variables prevents using 
measurements taken in different directions in the same kriging neighborhood, even if 
they are corrected for their biases such as FF with the Terzaghi approach. The result 
remains directional, except if the fracture network is isotropic, that is, if at the scale of 
the drill-hole samples, the fractures have no tendency to preferentially align along a di- 
rection that could change from one place x, to another x7. Depending on the use made 
of the calculations, it will be possible or not to krige FF, for example, for a mapping, 
or to assign to FF(x), for x located halfway between x; and x3, the average of FF(x)) 
and FF(x2). Assuming there is no anisotropy and if the mapping intends to correlate 
measurements of the same nature, a characteristic nature, for example, of the fractur- 
ing of the rock, then yes, the operator can consider the variable FF, corrected for its 
directional bias, as point-support additive. The quality of the map and the value of the 
safety factors that will be obtained will directly relate to the quality of the hypothesis. 
It is enough to observe different local anisotropies in x; and x2 and the whole building 
collapses, both figuratively and literally, in the case of underground works. FF(x;) and 
FF(x2) cannot simply be interpolated to draw a correlation line that indicates a degree 
of fracturing, because in this case the fracturing depends on the direction along which 
it is calculated. One must then categorize the samples into several classes of preferen- 
tial directions of drilling, interpolate the measurements that belong to the same class 
and obtain as many maps as there are directions, which is not really a complication 
because an excavation or a drilling to insert a reinforcement is always done in a certain 
direction, so it is only required to have the corresponding map. The approach is con- 
sistent, since it takes into account the nature of the variable that, in reality, is regional- 
ized in a five-dimensional space: the product of the usual three-dimensional space and 
the angular dimensions of azimuth and dip. In the future, these quantities should be 
regionalized in a ‘superspace’ of this type; we will touch this topic again later. 

It remains to discuss one last identified family of variables, those for which the ad- 
ditivity is related to the fact that they are the ratios of additive variables: a metal grade 
when the density of the rock is not constant from one point to another, a problem that 
arises in particular in the evaluation of iron deposits, where it is preferable to consider 
the product of the grade by the rock density, additive, instead of the grade itself. Other 
examples are the reciprocal of a grade, the metallurgical recovery rate and the solu- 
bility rate, as already discussed in Chapter 7. It has been seen that, for these variables, 
the answer to the second question is NO, in theory first and also in practice when 
the support V is large and/or the dispersion of the point values within this support is 
important and/or the variance of the numerator, conditionally on the denominator 
of the quotient, is large, regardless of the value of the quotient. If, at the scale of the 
production blocks, the variations of these attributes are small, it becomes possible to 
consider a form of ‘local additivity’. 

With regard to these magnitudes defined by quotients, the difficulty is centered on 
the first question: is it permissible to interpolate them spatially, can these calculations 
be meaningful, are the resulting maps informative? For the FF variable, corrected 
for its directional bias and in an adirectional context, a method has been proposed in 
Chapter 6 that provides an unbiased (but not optimal) ratio by dividing the kriging 
of the numerator and the kriging of the denominator, both krigings having been done 
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with the same variogram model and the same data points. The proof is based on the 
fact that the quotient of the predictors can be expressed as a linear combination of 
quotients assigned to weights that add up to 1. Now a question arises: if an ordinary 
kriging of the quotient had been made directly, there would also be an unbiased result, 
but it would be different. Therefore, the criterion of unbiasedness of a predictor is not 
sufficient to choose whether it is adequate or not to interpolate these variables; one 
must go further and specify what is expected of these predictions, and one returns 
to the question of the context, how the calculations are used. When a quotient of two 
krigings is made, two averages are divided, as it is convenient to do when a global 
recovery rate must be forecast at the scale of a deposit: calculate the quotient of the 
global averages and not the average of the quotients. When doing this for the inter- 
polation of the recovery rate, the result has the same nature as the data on which it is 
constructed: an amount of recovered metal divided by an amount of total metal. When 
a quotient is directly predicted by kriging, a linear combination is produced, which 
ceases to have the same nature as the data: it is no longer identified with a quotient 
of metal quantities, and its nature has changed. What can be the consequences if the 
interpolation does not reproduce the nature of the measurements? 

At the time of writing this book in 2020, this question remains largely open and 
subject to debate. Is it correct to interpolate directly (by kriging or simulation) a non- 
additive variable, even if a change of support is not considered? In the case of variables 
defined by quotients, is it better to predict together the numerator and denomina- 
tor, which are additive? Pragmatism could provide an answer: the reluctance to in- 
terpolate nonadditive variables is probably correct, but the impact on the result can 
be insignificant in most cases, and what is a precautionary principle can complicate 
the calculations unnecessarily. Why not try both approaches and compare them by 
cross-validation? 


9.4 From porphyry copper to other deposits 


The tools, methods and models presented in this book are not exclusive to porphyry 
copper deposits and can be used by professionals and specialists working in other 
types of deposits, for which many problems and solutions can be easily transposed. 

However, some applications may require developing new solutions. In particular, 
one thinks of the following: 


e Iron deposits, for which the density of the rock depends on its iron grade: As in- 
dicated earlier, the study can be oriented toward additive service variables such 
as the grades multiplied by the density. Often also, block models must reproduce 
stoichiometric closure relationships between grades, since their sum must be equal 
to 100%, a problem that can be addressed through an ad hoc change of variables 
(Mery et al., 2017). 

e Deposits with a narrow geometry, such as a polymetallic vein, a coal seam or a 
Chilean nitrate deposit called ‘caliche’: The analysis becomes complicated due to 
the small size of the deposit along the direction perpendicular to the mineralized 
envelope. Again, a change in the variables may be appropriate, considering the 
thickness of the mineralized body and the accumulation (thickness multiplied by 
the average grade), two additive service variables. This type of deposits can also 
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be an opportunity to reapply the transitive kriging approach (Matheron, 1967; 
Renard et al., 2013; also see Section A.5.1 in Appendix); 

e The deposits of precious stones (diamonds, emeralds, etc.), for which the use of 
point processes is an interesting alternative: These processes are defined by a set 
of random points that simulate the occurrence of the stones, and a set of ran- 
dom ‘marks’ attached to these points that simulate the properties of the stones 
(Brown et al., 2008; Lantuéjoul and Millad, 2008). There are also some noteworthy 
sampling problems when defining the shape, size and spacing of the samples or 
when taking into account measurements made on samples of different supports 
(Kleingeld et al., 2005; Duggan et al., 2007; Ferreira and Lantuéjoul, 2007); 

e Deposits for which the metal is recovered by pumping, in the same way as hy- 
drocarbons in oil and gas reservoirs. In particular, this is the case with uranium 
deposits mined by in situ leaching or lithium brine deposits in which the metal 
is in solution. The concept of classifying the in situ resources no longer makes 
sense because the slightest pumping action at a given location of the deposit, to 
a greater or lesser extent, affects the state of the resource at any other location of 
the deposit. The same goes for the addition of a pumping well that modifies all the 
predictions of drainable resources. If one also considers a vertical nonstationarity 
of the mean and the variance of the grades and the need to incorporate duplicates 
in the model (repeated measurements at the same point in space at different times, 
with no apparent structure of the time variations), one ends with a chain of treat- 
ments that combines geostatistical simulations of the grades, porosity, permea- 
bility, upper and lower limits of the deposit with hydrogeological simulations of 
the pumping, to quantify the uncertainty in the drainable resources (Séguret and 
Goblet, 2016; Séguret et al., 2017). Interestingly, an analogous problem arises for 
copper deposits mined by block or panel caving, such as the El Teniente deposit 
studied in Chapters | and 6, for which the in situ resources move during the ex- 
traction under the effect of the ‘gravitational flow’. 


9.5 Perspectives 


Throughout our studies, we encountered problems that could be interesting research 
topics. Here are the most important in our opinion. 


9.5.1 Geotechnics and tensor interpolation 


Much remains to be done in geotechnics, despite the numerous scientific difficulties 
that must be overcome. Variables are rarely additive, and they are often not linear 
when changing the support and are almost always direction-dependent. Interpolating 
such variables requires interpolating them in space and also in any direction, based on 
measurements for a few points of space and a few directions. Therefore, it is necessary 
to develop spatioangular models of covariance (or variogram), and the easiest way 
is probably to factor such a covariance into the product of a spatial covariance with 
an angular covariance. This concept of ‘separability’ has been the subject of many 
developments in recent years (see, for example, Aston et al., 2016). Since several al- 
lowable covariance models in an angular space are also available (see, for example, 
Melkumyan and Nettleton, 2009), the field seems to be ready to formally address the 
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problem and its natural extent: the spatial prediction of tensors, also useful in struc- 
tural geology when unfolding geological units to return to a sedimentary context or, 
more generally, to a context prior to geological deformations, more adapted to geo- 
statistical predictions and simulations. At the time of writing this book (2017-2020), 
this research work has begun through a joint doctoral thesis between the University of 
Chile and ParisTech Mines under our direction (Sanchez et al., 2018, 2019). 


9.5.2 Geometallurgy 


This discipline has grown significantly in recent years. The models of a deposit needed 
to develop a mining project are no longer limited to the geological and geochemical 
properties of the rock (facies and grades) but increasingly involve properties of the 
minerallurgical and metallurgical processes: granulometry, rock density, indices of 
fragmentation, abrasion, crushing or grinding of the rock, acid consumption (in the 
case of leaching), mineralogical composition — in particular, clay content — texture, 
mass recovery, metallurgical recovery, etc. In general, these numerous properties are 
only known in a very limited number of samples, giving the geological, geochemical 
and geometallurgical databases a highly heterotopic multivariate character. There are 
also new challenges, for example, the interpolation of granulometric distributions or 
of regionalized functions such as flotation kinetics curves, rather than conventional 
numerical quantities. 


9.5.3 Sampling and geostatistics 


Unfamiliar in our teams, the sampling theory is a sister discipline of geostatistics. 
Pierre Gy, its inventor, worked with Georges Matheron, who wrote the preface to 
his founding (Gy, 1967), as well as a note endorsing the theory developed in this 
work (Matheron, 1965b). The problem of sampling, in the sense of Pierre Gy, is to 
explain how to reduce a few kilograms (or hundreds of kilograms) of samples to a few 
grams, so that the quantities measured in these few grams (for example, the grades) 
are representative of the kilograms. The techniques to accomplish these objectives 
consist essentially in mixing the material and finding astute sampling methods. In 
the end, the material is transformed in such a way that correlations between samples 
are removed. This probably explains why the two lines of research — sampling and 
geostatistics — have diverged from the beginning. In essence, geostatistics aims to 
take advantage of the spatial correlations and the correlations between variables, and 
not make them disappear. 

But there is a link and it is strong, beginning with the variogram and the concept of 
‘nugget effect’, which together constitute the cornerstone of Pierre Gy’s theory. Also, 
depending on the scale considered, there is a sampling in geostatistics, for example, 
when it is decided to evaluate the economic value of a deposit from a finite number of 
drill cores that are ‘grains’ at the scale of the deposit. There is always a sampling as well 
when an experimental variogram is calculated from a finite number of measurements; 
this experimental variogram may not represent anything real if some precautions are 
not taken, as seen in Chapter 8. The consideration of sampling problems in all the 
geostatistical modeling stages will undoubtedly lead to a closer relation between the 
two disciplines. 


Appendix 


Concepts and practices 


Several notions, practical considerations and critical reflection elements related to 
four stages of geostatistical modeling are collected here: 


e exploratory and preparatory data analysis; 
e structural analysis; 

e kriging and cokriging; 

e conditional simulation. 


The exploratory and preparatory data analysis aims at providing a comprehensive 
understanding of the available data and at guiding future choices concerning their 
modeling. 

The cornerstone of the modeling stage, structural analysis or variogram analysis 
provides tools to quantitatively describe the spatial correlation of regionalized 
data. 

The practice of kriging and cokriging — the predictors mostly used in geostatistics — 
is often based on the design of a moving neighborhood, which can have catastrophic 
consequences on the results if a few precautions are not taken. Unfortunately, this 
problem is too often neglected. 

The conditional simulation of categorical (e.g., facies) or quantitative (e.g., grades) 
variables gives rise to some considerations on the choice of models and simulation 
algorithms, as well as on the validation of hypotheses and results. 

The last section is devoted to two particular classes of geostatistical models: transitive 
representations and object-based models with, for the latter, examples of applications in 
mineral processing and geotechnics. 


A.I Exploratory and preparatory data analysis 


The following summarizes the fruit of our experience regarding the quality and 
representativeness of the available information. In particular, geostatisticians should 
ask themselves about 


e the sampling design; 
e the accuracy (unbiasedness), precision and support of the measurements; 
e the deletion or correction of erroneous data; 
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e the identification of the relevant variables for the problem posed, often called 
‘service variables’; 

e the choice of the domain(s) in which to carry out the study; 

e the inference of the distributions of quantitative and categorical variables and of 
the relationships between these variables. 


A.I.1 Data cleaning 


Detecting and correcting errors in the database is an essential step. A common 
practice is to replace an erroneous data with an average value calculated on the nearby 
samples, which introduces a smooth value of a different nature from the original data 
and may produce biases in subsequent statistics that aim, among other things, at 
characterizing the spatial variability. If the correction is not possible, no matter, just 
delete the erroneous data. 

The sources of errors are varied: 


* measurement or transcription errors, which result in atypical or inconsistent 
values; for example, a soluble copper grade greater than the total copper grade is 
not acceptable for obvious reasons; 

e duplication (repetition) of data; 

e positioning errors, such as, drill-hole data above the topographic surface; 

e inconsistency between different sources of information, such as exploration drill 
holes, blast holes, interpreted geological model, etc. 


Some errors that do not produce any obvious inconsistency may, regrettably, remain 
undetectable, such as measurement or positioning errors of small amplitude. Apart 
from a robust checking and validation during the data acquisition, we have no solution 
for this type of situation. 


A.1.2 Data preprocessing 


Several operations are grouped under this term, in particular: 


e regularization; 
e the choice of service variables; 
e the truncation of extreme values (capping). 


The regularization of the volumetric support of the drill-hole data consists in creating 
composite samples of (approximately) the same length along the drill holes. The longer 
these composite samples are, the better the spatial continuity of their values, but the 
less numerous these samples are. 

Choosing the service variables for the study sometimes leads to a change of variables, 
such as in Chapter 7 where the recovered grade, an additive variable, is considered 
instead of the recovery rate that is not additive. 

Data truncation is acommon practice when the distribution of a variable has values 
that are considered extreme. It consists in lowering (capping) the values that exceed a 
certain threshold or ‘top cut’ to allow a more robust calculation of the experimental 
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statistics, such as the mean, variance, covariance or variogram. But this operation 
induces a bias in the predictions, since the extreme data have been reduced. Rivoirard 
et al. (2013) propose an elegant solution to correct this bias and to guide the generally 
arbitrary choice of the truncation threshold. 


A.1.3 Partition into geological domains and edge effects analysis 


A partition of the deposit into several domains or facies may be required, based on 
geological, statistical and spatial considerations. 

Geological considerations are of fundamental importance, because it is necessary 
to understand the type of deposit under study and to conceptualize its genesis, as well 
as the sequence of successive mineralization events. This knowledge allows one to 
form an idea of the characteristics of the main geological structures or bodies (incli- 
nations, dimensions, ages and temporal relationships, possible presence of faults) and 
to determine if the information coming from exploration drill holes is adequate or 
not: types of drilling, inclinations, sampling mesh, core length, geological mapping or 
logging, types of chemical analyses (Figure A.1). 

Statistical and spatial considerations are also essential, because each defined do- 
main must exhibit some ‘homogeneity’ of the quantitative variables of interest. Several 
domain definitions can be tested, based on the observed rock types, mineral types, 
structures and/or alterations and validated by the geological knowledge of the deposit. 
Analyzing how a variable evolves when getting closer or farther from the boundary 
that separates two facies (edge effect and contact analysis) makes it possible to decide 
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Figure A.I Geological conceptualization. The spacing and orientation of the drill 
holes (vertical lines) do not allow determining which of the two concep- 
tualizations is correct, between isotropic facies (a) and anisotropic facies 
(b). To corroborate or rule out a conceptualization, it is necessary to 
reduce the spacing between drill holes and/or to add complementary drill 
holes in oblique directions. 
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whether two domains in contact should be unified or should remain separated. In or- 
der to perform this analysis, several tools have been presented in Chapter 2: quotients 
of indicator and partial grade cross-variograms and indicator direct variograms, 
cross-correlograms, lagged scatter plots. An absence of edge effects will guide the 
modeling toward the formalism of partial grades for the prediction of quantitative 
variables, or toward a hierarchical approach for their simulation. 

In the multivariate case, it is possible that each quantitative variable of interest is 
associated with a different partition of the deposit, since the same geological controls 
do not necessarily apply to all the quantitative variables. Mery et al. (2017) present a 
case study of an iron deposit where the behavior of the iron and silica grades depends 
mainly on dominant rock type, hematite or itabirite, while granulometry depends on 
the competence of the dominant rock, its compact or friable character. 


A.1.4 Inference of experimental distributions and statistics 


This stage is critical if the study is oriented to simulation or to cosimulation, for which 
a distribution model for every variable separately (simulation) or for all the variables 
jointly (cosimulation) is required. The main problems are: 


e Preferential samplings, which may produce biased experimental distributions that 
are not representative of the deposit as a whole. A weighting of the data can be 
used, based on geographical criteria, to eliminate or to mitigate the biases, an 
aspect already discussed in Chapters 3 and 8. 

e Heterotopic samplings, for which some variables are undersampled and have a 
poorly known distribution. 

e Complex dependence relationships between variables, including nonlin- 
ear dependencies, related mean values, heteroscedastic variations, inequality 
constraints, compositional or stoichiometric closure relationships, multimodali- 
ties or mixtures of several populations (Figure A.2). Such complex relationships 
can make classical modeling and simulation techniques inappropriate. For 
example, the Gaussian anamorphosis introduced in Chapters 2 and 3, when per- 
formed for each variable separately, leads to transformed variables with Gaussian 
univariate distributions, which is the expected result. However, their joint distri- 
butions are not necessarily bi-Gaussian, which happens when the scatter plots be- 
tween transformed variables do not have the required elliptical shape. Figure 7.15 
presents two such examples. 


A.2 Structural analysis: spatial variability modeling 


A.2.1 Main structural tools 


‘Structural’ analysis and tools: the adjective refers to the spatial structure of the region- 
alized variable (z) and, more specifically, to its continuity and its evolution in space. 
How to characterize this behavior when the variable is only known at a limited num- 
ber of samples? Subject to a certain homogeneity that will be further assimilated to a 
hypothesis of stationarity (see the following), spatial continuity should depend only on 
the geographical separation between the samples and not on their absolute positions; 
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Figure A.2 Heteroscedastic relationships between (a) nickel (Ni) and chromium 
(Cr) grades and (b) silica (SiO2) and magnesia (MgO) grades: the dispersion 
of one grade varies according to the value taken by the other grade. (c) Mul- 
timodality of the distribution of alumina (Al2O3) and iron (Fe) grades: several 
groups of points are mixed (increasing part of the scatter plot, upper part, 
decreasing part). (d) Inequality between the total copper grade (TCu) and 
the soluble copper grade (SCu) and bimodality of their joint distribution: 
the points are mainly concentrated along the diagonal or along the horizon- 
tal axis, while the area between these two axes appears depopulated. 


otherwise, statistical inference would not be possible. A simple way to appreciate this 
spatial continuity is to define a separation vector (A) and to compare the n(/) data pairs 
{z(x, + h), 2(x,): a=1... n(A)} having this separation, via a scatter plot called ‘lagged 
scatter plot’. For fixed A, the closer the scatter plot to the diagonal, the more similar the 
paired data and the more pronounced the spatial continuity. On the contrary, a highly 
dispersed scatter plot reflects a weaker spatial continuity (Figure A.3). 

Since the lagged scatter plot depends on the chosen separation vector h, measuring 
spatial continuity can be summarized, in practice, by quantifying the dispersion of 
the scatter plot as a function of h. This can be done in several ways, for instance, by 
calculating the experimental centered covariance: 
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Figure A.3 Examples of lagged scatter plots for the same spatial separation. The 
narrower scatter plot around the diagonal (a) indicates a better spatial 
continuity than the more dispersed scatter plot (b). 


n(h) 
a 1 r À 
Ĉ(h)= — [20% +h)- ria] [z(xa)- ri], (A.1) 
n(h) 
a=l 
where m is an estimate of the mean of z and n(h) is the number of data pairs that form 
the scatter plot associated with vector h. Once normalized, this covariance leads to the 
experimental correlation function or correlogram: 


p(n = 


ČOV (A.2) 
The closer to 1 this correlation is, the more the scatter plot tends to line up around the 
diagonal. Finally, a third tool is the moment of inertia of the lagged scatter plot, which 
measures the average quadratic distance between a point of the plot and the diagonal. 
One of its advantages is not to depend on m, which also explains the success of this tool 
defined as the experimental variogram: 


n(h) 


s 1 — 7 2 
1) = a Dla +h) 2%q)] (A.3) 


Figure A.4 shows an example of how these three experimental functions vary with A. 
The covariance and the correlogram measure the similarity between two data and, in 
general, decrease when the separation distance increases and vanish when the spatial 
correlation disappears. The ‘range’ — the distance from which the covariance and the 
correlogram vanish — represents the ‘distance of influence’ of a measurement in its 
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Figure A.4 Three experimental functions that measure the spatial continuity of the 
same data set. (a) Centered covariance, (b) correlogram, (c) variogram. The 
calculations were performed in an ‘omnidirectional’ manner, that is, taking 
into account the norm of the separation vector h, but not its orientation. 


environment. On the contrary, the variogram measures the contrast or dissimilarity 
between two data as a function of the separation between the data positions. It usually 
appears as a function that increases with the separation distance and stabilizes around 
a ‘sill’ when the range is reached. In addition, the behavior near the origin of these 
tools reflects the regularity of the regionalized variable at small separation distances 
of the analyzed data pairs, ranging from a parabolic evolution (very strong regularity) 
to a sharp discontinuity (‘nugget effect’) (Matheron, 1971). 

The aforementioned definitions generalize to the multivariate framework, where one 
studies N coregionalized variables z)... zy. For any pair of indices (i, j) in [1,..., NJ’, the 
experimental cross-covariance, cross-correlogram and cross-variogram are defined as 
follows: 


n(h) 


Vila +h) — Aul [Zj (Xa) mj] (A.A) 


C,(h) = —— 
ij (A) nj (I) 
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6;;(h) = = A.5 

Py (h) (0) (A.5) 
1 n(h) 

TOO 9p, Hy ele Haas a EA- 2/6) (A.6) 


where 7; is an estimate of the mean of z;and n;;(h) is the number of data pairs that form 
the lagged scatter plot between z; and z; associated with vector A. If i=j, one obtains 
the ‘direct’ or ‘simple’ covariance, correlogram or variogram, as previously defined in 
Eqs. (A.1)—(A.3). 


A.2.2 Origin of the variogram 


The variogram was introduced in geostatistics by Matheron (1962a) to describe the so- 
called ‘intrinsic’ variations of a regionalized variable, that is, the variations that are 
independent of the absolute positions in space. This tool made it possible to explain 
certain phenomena highlighted by Krige in 1951 in the mining field, such as the addi- 
tivity of variances (Krige’s relationship) or the need to resort to random field models 
with infinite variances to describe some gold deposits. Before 1962 or at the same time, 
the variogram had been used as a structural function to describe spatial variations of 
forest data arranged in regular meshes (Langseter, 1926; Matérn, 1960), time series 
(Jowett, 1955a, b) and space-time series (Kolmogorov, 1941; Obukhov, 1941, 1949a, b; 
Gandin, 1963; Monin and Yaglom, 1965). 

All these developments went together with the formalization of the theory of in- 
trinsic random fields (i.e., random fields with stationary increments), under the influ- 
ence of the Russian mathematicians Kolmogorov (1941), Yaglom and Pinsker (1953), 
Gel’fand (1955), Yaglom (1957, 1958) and Gel’fand and Vilenkin (1964). 


A.2.3 Practical calculation 


Unless the available data are regularly spaced, for a given separation vector h, the 
lagged scatter plot will contain few points and will result in a nonrobust calculation 
of the previous experimental functions. The use of tolerances on the norm and the 
orientation of vector / is then necessary and requires a certain practical know-how, 
of which the geostatistician is very proud, but which is likely to raise the hackles of 
purist statisticians. Using tolerances that are too small leads to less robust exper- 
imental functions, because they are calculated with too few data pairs, while too 
large tolerances tend to smooth out the experimental functions and eliminate their 
details. Some computer programs also allow weighting the data in the calculations 
in order to account for irregular sampling designs, a particularly interesting option 
in the case of a preferential sampling as it allows reducing the biases that such a 
sampling can produce. 

The choice of the directions of calculation must bein accordance with the directional 
behavior of the regionalized variable. If the variable is isotropic, that is, if it exhibits 
the same spatial continuity along all the directions of space, the calculations can be 
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‘omnidirectional’, regardless of the orientation of the separation vector. In contrast, for 
an anisotropic variable, it is advisable to first identify the so-called ‘main’ directions, 
those for which the spatial correlation is the highest (with the longest correlation range) 
or the lowest (with the shortest range), before undertaking the calculations along these 
directions (Figure A.5). 

When two variables are studied together, they may not be known at the same po- 
sitions, in which case the sampling is said to be ‘heterotopic’ (a neologism forged 
from the ancient Greek hetéros, another, and topos, place, the antonym being ‘iso- 
topic’ formed from the Greek prefix isos, equal). This can complicate the calculation 
of experimental cross-variograms (A.6), which are based on the data pairs for which 
both variables are known. Highly heterotopic samplings can therefore lead to nonro- 
bust experimental cross-variograms and require the use of cross-covariances (A.4) or 
cross-correlograms (A.5) instead. 


A.2.4 Theoretical covariance, correlogram and variogram 


The experimental covariance (A.1), correlogram (A.2) and variogram (A.3) are 
statistics calculated on a regionalized variable z (lowercase) that, according to the 
constitutive model of geostatistics, is interpreted as a realization of a random field Z 
(uppercase). Lowercase and uppercase are writing restrictions introduced by Georges 
Matheron from the beginning of geostatistics to avoid confusing the model and the re- 
gionalized variable, a quite natural temptation when mathematics are confronted with 
reality. The formalism of random fields makes it possible to replace the experimental 
averages of Eqs. (A.1)-(A.3) with mathematical expectations and thus define the theo- 
retical version of the three structural functions that, under a hypothesis of stationarity 
(again), do not depend on the absolute positions of the calculation points (x and x+/) 
but only on their relative position (h): 


C(h) = E{[Z(x+h)—m][Z(x)— mJ} (A.7) 
á 


Easting (m) Distance (m) 
(a) (b) 


Figure A.5 An anisotropic regionalized variable in the plane (a) and its experimental 
variogram (b) calculated along the main directions of anisotropy (N35°W 
and N55°E). The direction parallel to the structures prolongs the spatial 
correlation (greatest variogram range), while its perpendicular presents 
the strongest variability (smallest range). 
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_ Ch) 
p= Go) (A.8) 


yh) => EX[Z+ h)- 209) } = varzez} (A.9) 


where m represents the expectation of the random field Z. 

The three experimental functions are estimates of these theoretical functions that 
will serve as a basis for their modeling. The latter is not free (one cannot use just 
any function for the model) because there are nontrivial mathematical restrictions to 
ensure the validity and correct representation of a variogram, a covariance or a corre- 
logram, related to their positive definiteness (for the covariance and the correlogram) 
or conditional negative definiteness (for the variogram). 

Consequently, in practice, the modeling is essentially based on linear combina- 
tions of elementary functions, also called nested structures, of which one knows that 
they are theoretically admissible: it is the linear model of regionalization (univariable 
case) or of coregionalization (multivariate case) (Matheron, 1982; Wackernagel, 2003; 
Chilés and Delfiner, 2012). 


A.2.5 Linear model of regionalization 


Consider a set of correlation functions (correlograms) pj,..., Ps, and decompose the 
covariance C(h) as follows: 


S 
Cn) = Yb, ps) (A.10) 


s=1 


where b;,..., bs are positive coefficients. This model can be rewritten in terms of the 
variogram: 


S 
yh) = X bsys(h) (A.11) 


s=1 


where y1,..., ys are elementary theoretical variograms. Figure A.6 shows examples of 
isotropic elementary models. Anisotropic models can be obtained through a geometric 
transformation (rotation and scaling) of the coordinates, giving rise to the so-called 
‘geometric anisotropy’ (Matheron, 1971). 

The fitting of a linear model of regionalization therefore requires choosing a set of 
elementary models or ‘nested structures’ able to correctly represent the experimen- 
tal behaviors, and determining, manually or by least squares fitting, the coefficients 
bi,..., bs that allow the experimental covariance or variogram to be fitted as closely as 
possible. For manual fitting, one strategy is to identify the key elements (nugget effect, 
changes of slope, sills and ranges) of the experimental covariance or variogram along 
the main directions of anisotropy. These elements then guide the choice of the nested 
structures, which, when successively added to each other, allow the reproduction of 
the experimental function. Figure A.7 illustrates this sequence. 
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Figure A.6 Examples of elementary variogram models: nugget (a), spherical 
(b), exponential (c), Gaussian (d), Matérn (e) and power (f). All these models 
are isotropic and depend on | to 3 scalar parameters related to the sill, 
range or shape of the variogram. 


A.2.6 Linear model of coregionalization 


The previous formalism extends to the case of several coregionalized variables z4,..., Zy 
interpreted as realizations of as many random fields Z,..., Zy. For any pair of indices 
(i, j), the direct (if i=j) or cross (if i#/) covariance, correlogram and variogram be- 
tween Z; and Z; are defined as: 
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Figure A.7 Example of manual fitting: (a) experimental variogram along two main 
directions of anisotropy, which shows a linear behavior at the origin with a 
slight nugget effect, as well as specific sills and ranges along each direction; 
(b) fitting of the nugget effect with a coefficient b; equal to 0.1; (c) fitting 
of the first sill with an exponential structure of coefficient by equal to 0.9 
and practical ranges 200 m (direction |) and 50 m (direction 2); (d) fitting 
of the second sill with an exponential structure of coefficient b} equal to 
0.5 and infinitely large practical range along direction | and 50 m practi- 
cal range along direction 2. The structure with an infinite practical range 
remains equal to zero for all the distances under consideration and does 
not contribute to the variogram along the direction in question, a situation 
known as a ‘zonal anisotropy’ (Matheron, 1965a). 


Cy(h) = E{[Zj(x+h)— m][Zj(x)- mj} (A.12) 
_ Gh) 
py(A) = C0) (A.13) 


Yy(h) = AE + h) = Zi(x IZ j (x + h) = ZOJ} 
l (A.14) 
= 7 OOv{ Zitat h)- Z,(x),Z;(x+h)- Zi} 
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where m; represents the expectation of the random field Z;. 

A matrix (bold) notation eases the presentation of this model. For a given separa- 
tion vector h, consider the matrix C(h) of direct and cross-covariances, of size NXN, as 
well as a set of valid correlation functions p4,..., ps on which one wishes to decompose 
C(h). One can write: 


Cuh) >e Cih) s 
O |= SB.) (A.15) 


C(h) = : 3 
Cui(h) > Cyn(h) s=l 


where Bj,..., Bs are real-valued matrices of size NxN, called coregionalization matri- 
ces. A sufficient (but not necessary) condition for a model of this type to be valid is that 
each of the coregionalization matrices be symmetric, positive semidefinite, that is, its 
eigenvalues be positive or zero. A similar writing for the direct and cross-variograms is: 


yuh) > Yın(h) s 


T(h)= : : 
yui(h) = Ynn(h) sal 


where y1,..., yg are basic theoretical variograms. 

The challenge is to identify the adequate nested structures to fit the experimental 
functions and to determine the coefficients of the coregionalization matrices, such 
that the restriction of positive definiteness of these matrices is met. If the variables are 
numerous (N large), the use of automatic or semiautomatic fitting algorithms is very 
helpful instead of a manual fitting that becomes too laborious (Goulard and Voltz, 
1992; Emery, 2010; Desassis and Renard, 2013). Some examples of fitting are shown in 
Chapters 4, 7 and 8 (Figures 4.3, 7.16 and 8.13). 


A.2.7 Stationarity and variogram 


Often ignored by practitioners who see it as a complication, at best useless, the concept 
of stationarity is essential to move from a ‘constitutive’ model, according to which the 
regionalized variable is a realization of a random field, to a ‘specific’ model in which the 
parameters of this random field are determined by using the measurements taken on this 
realization. Fundamentally, there is an important problem: the statistics that character- 
ize the random field are based on a repetition over the realizations, while, in our case, 
the deposit under study is, in essence, unique. The random field is but an abstraction, 
consisting of an infinite set of realizations that correspond to infinitely many fictitious 
deposits of which no measurement is available. So how to calculate, for example, the 
mathematical expectation of the random field Z(x) knowing a finite set of measurements 
{z(X,): a=1... n} that sample one of those infinitely many realizations? The first idea that 
comes to mind is simply to calculate an average of the measurements and deduce with- 
out another verification that it is a good approximation of E[Z(x)]. But this assumes that 
this expectation is the same at any point x, so the measurements from different locations 
of the deposit can be used together for this calculation. There is, therefore, through this 
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practice, an implicit hypothesis of spatial homogeneity, according to which the expecta- 
tion of Z is constant (hypothesis of stationarity of the mean, i.e., of first order) and coin- 
cides with the spatial average of the specific realization z from which the measurements 
are taken (hypothesis of ergodicity). In the same way, the stationarity and ergodicity 
hypotheses can be extended to the second-order moments of the random field, which 
ensure, on the one hand, the existence of a covariance, a correlogram and a variogram 
that only depend on the separation vector / between the points of calculation (Eqs. A.7 
to A.9) and, on the other hand, that these functions can be approximated by their exper- 
imental versions (Eqs. A.1-A.3). Moreover, the approximation would be perfect if the 
measurements covered the entire space. 

Are such hypotheses of second-order stationarity and ergodicity always possible? 
Do they always agree with the measurements? 

Ergodicity is often admitted without any further examination, although in practice 
it can be achieved only if the sampled domain is large enough so that, under the as- 
sumption of stationarity, the differences between the experimental spatial statistics 
and the statistics of the underlying random field are small. Lantuéjoul (1991, 2002) 
proposes several tests to determine what is meant by a ‘large enough’ domain. 

Concerning stationarity, its validity is debatable when the mean or the variance of 
the data, calculated locally, varies in space. For example, when analyzing the depth of 
the El Teniente diatreme in Chapter 1, the stationarity hypothesis, even limited to the 
first-order moment (mean value), is not satisfactory since an average of the measure- 
ments in a neighborhood of a few tens of meters in diameter strongly depends on the 
position of this neighborhood in the region under study. In fact, formula (A.7) assumes 
that the global average is representative of each point in space and is (approximately) 
known, and it is to avoid this pitfall that the experimental variogram is often calcu- 
lated first. In formulae (A.3) and (A.6), it is not necessary to previously calculate an 
average, and as such, the calculation of the variogram brings an experimental test of 
the stationarity of the first two moments of the parent random field. The result gener- 
ally leads to four different configurations (Figure A.8). 

The theoretical variogram (A.9) of a random field is statistically interpreted as half 
of the variance of its increments. In Figure A.8a, the variance of the increments of the 
available realization no longer increases after a given distance known as the range and 
stabilizes around a sill that is approximately equal to the experimental variance of the 
data. This feature confirms that the mean m and the variance o? of the random field 
Z associated with this realization do not depend on the spatial position, and conse- 
quently, the covariance (A.7) exists and is derived from the variogram by the formula: 


C(h)=07 -y(h). (A.17) 


The variogram thus allows verifying the adequacy of the second-order stationarity 
hypothesis with the data. Its sill is nothing else than the variance of the random field: 


y¥(h) —_——> 0? = C(0). (A.18) 


[||| +e 


In Figure A.8b, there is neither a sill nor a range, which disagrees with the assumption 
of independence in space of the first- and second-order moments of the random field. 
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Figure A.8 Four types of behavior of the experimental variogram at large distances: 
(a) second-order stationarity, (b) intrinsic stationarity, (c) local stationar- 
ity at scale ‘a’, (d) nonstationarity. The dotted horizontal line indicates the 
experimental variance of the data. 


However, the increase is moderate enough to allow the stationarity hypothesis to be 
placed with a somewhat less demanding level, the so-called ‘intrinsic’ stationarity in 
which only the increments of the random field are stationary. This increase rate should 
not exceed the norm of vector h raised to power 2; otherwise, the experimental calcu- 
lation (A.3) can no longer be interpreted as a variance of increments where the incre- 
ments are stationary and have a zero mean (Matheron, 1971). If this is not the case, as in 
Figure A.8b, we are in a still favorable context where most of the operations carried out 
in the stationary framework, such as kriging, remain applicable under the condition of 
modeling the variogram by a function with no sill, for example, the power model that 
grows indefinitely (Figure A.6f). In this case, the variogram is a generalization of co- 
variance (A.7), which formally does not exist even though its experimental version (A.1) 
is always calculable from a set of sampling data. 

In Figure A.8d, the increase of the experimental variogram 1s too fast, and one must 
find something different from the increments of the variable that could be stationary. It 
may be the residual of the variable when a spatially varying mean — called the ‘drift’ — 
responsible for nonstationarity has been removed. This approach is that of simple 
kriging if the drift is supposed to be known, of ‘universal’ kriging (Matheron, 1971) 
or kriging with an ‘external drift’ (Wackernagel, 2003) if the drift is a weighted sum 
of basic functions or exhaustively known auxiliary variables, with unknown weights. 
This ‘something different’ that is stationary can also be an increment of increments 
or, more generally, a so-called ‘allowable’ linear combination that filters all the drifts 
that are polynomial functions of the coordinates, which leads to the theory of intrin- 
sic random fields of order k or IRF-k. In all these approaches, one has to work with 
either a variogram of residual, a generalized variogram or a generalized covariance 
(Matheron, 1971, 1973; Chilés and Delfiner, 2012). 

Figure A.8c shows a case in which the variogram, within a certain range of 
distances, stabilizes around a sill that is lower than the experimental variance of the 
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measurements. Practitioners often refer to this case, qualified as local stationarity or 
quasistationarity, to avoid the pitfall of resorting to more complex models like the 
IRF-k, because they believe that it suffices to fit a variogram model at small distances, 
not to use it at greater distances and to act as if everything were stationary. But this 
common practice may suffer errors when implemented a bit hastily. First, local sta- 
tionarity must be verified. It is not enough to simply calculate a global variogram and 
to apply a model fitted at the scale found in the graph: it should also be verified that 
this model is the same throughout the deposit. Figure A.8c shows a global curve that 
may not correspond to anything and only be the result of a regionalization of the 
high and low grades in different areas of the deposit, which often have very different 
statistical and spatial characteristics for geological and geochemical reasons. In this 
case, the global variogram may represent only an average of very different behaviors. 
By adopting it, the practitioner obtains nonoptimal predictions everywhere. 


A.2.8 Variogram and spatial distribution 


The variogram, covariance and correlogram are statistics that involve only a pair 
of random variables (Z(x), Z(x+h)) (Eqs. A.7—A.9), so that they are classified among 
the ‘second-order moments’ of the random field Z. These tools summarize the main 
structural properties of this random field (small-scale continuity, anisotropy, cor- 
relation range, etc.) but do not describe it completely. While kriging techniques 
only require these second-order moments, possibly accompanied by the mean value 
(moment of order 1) for simple kriging, this observation takes its importance in the 
context of simulation where any indeterminacy on the random field to simulate must 
be lifted (Figure A.9). 

Under assumptions that are not very restrictive in practice, a random field is com- 
pletely characterized by what geostatisticians call its ‘spatial distribution’, which 
corresponds to the set of all the joint probability distributions (also known as 
finite-dimensional distributions) of vectors (Z(x)),..., Z(x;)) extracted from this ran- 
dom field, for any choice of the integer k and of the points x1,..., xg. This is very rich in- 
formation, even too rich to be inferred from finitely many experimental data, except if 
one restricts to a particular family of random fields whose spatial distributions depend 
on few parameters. 

The simplest example is that of the Gaussian random field, for which all the 
finite-dimensional distributions are multinormal or multi-Gaussian. In this particular 
case, the probability density of the vector (Z(x)),..., Z(x;)) is: 


(A.19) 


7 1 1 pai 
Bin = sae! 3 (zm) CQ m) 


where: 
Z= (Z1,... Z% )is a row vector of k real values; 
m = (m,..., my ) is the row vector of the mean values at x1,..., Xg; 
C is the variance—covariance matrix of vector (Z(x1),..., Z(x,)); 
det (.) is the determinant and ‘ is the transpose operator. 


Concepts and practices 213 


LAN 


Figure A.9 Realizations of four indicator random fields with the same moments of 
order | (mean equal to 0.5) and order 2 (exponential covariance): Poisson 
mosaic (a), alternating mosaic (b), STIT mosaic (c), dead leaves mosaic 
(d) (Emery and Ortiz, 2011). In the context of simulation, it is necessary to 
go beyond the specification of the covariance or the variogram to distin- 
guish which of these indicator random fields should be modeled and used. 


Such a model is attractive. Once the multinormality of the finite-dimensional 
distributions is admitted, the inference of the random field reduces to the inference 
of its moments of order 1 (mean) and 2 (covariance or variogram), an easy task in the 
stationary framework. Second-order stationarity (stationarity of the mean, covariance 
and variogram) is here the same as the stationarity of the complete spatial distribution 
(strict stationarity). These remarkable properties largely explain the extensive use of 
the multi-Gaussian model for simulation. 
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A.3 Kriging and cokriging 


Kriging and its multivariate version, cokriging, are omnipresent in this book. The follow- 
ing sections present their theoretical foundation and practical considerations, particu- 
larly on the concept of moving neighborhood, whose design requires a certain know-how. 


A.3.1 Principle 


The purpose of kriging is to predict a regionalized variable z at a target point x, or 
its average value on a target block V, from a set of data {z(x,): a=1,..., n} observed at 
locations around the target point or block. Following the framework of the consti- 
tutive model of geostatistics, z is interpreted as a realization of a random field Z, on 
which the formalism of kriging is elaborated. Considering the case of the prediction 
on a block support, the general equation of the predictor is: 


Z\V)=at+ > ha Z(xa), (A.20) 


a= 


where the coefficient a and the weights {A,: a=1,..., n} assigned to the data are 
determined in order to satisfy three constraints: 


e the prediction error Z(V) — Z (V) possesses a finite mean and a finite variance 
(authorization condition); 

e the mean of the error is zero (unbiasedness condition, also called universality 
condition); 

e the variance of the error is minimal (optimality condition). 


The coefficient a is found to be zero, except in the case of simple kriging, for which 


ae 1- ka m, (A.21) 


a=l 


where m is the known mean of the random field Z. In this case, the mean receives a 
weight equal to the complement of the accumulated weight of the data, all the higher 
as the data are few and/or are located far from the target block. As for the kriging 
weights {A,: a=l,..., n}, they are obtained by solving the following system of linear 
equations, written in symbolic form: 


C, F' À C 
o a |_| Cav (A.22) 
F 0 u Fy 


with: 


e Cyg is the variance—covariance matrix of the data vector (Z(x1),..., Zn). 
e  Cyyis the covariance vector between the data vector and the target value Z(V). 
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e Fand Fy are a matrix and a vector that depend on the authorization and unbi- 
asedness conditions. They are empty in the case of simple kriging (kriging with 
a known mean). For ordinary kriging (under the hypothesis of second-order sta- 
tionarity with an unknown mean or of intrinsic stationarity), F is a vector of 
ones and Fy is equal to 1. Finally, for universal and intrinsic kriging of order 
k, F and Fy are a matrix and a vector constructed by using the basic functions 
that model the drift. 

e 0a matrix of zeros, empty for simple kriging and scalar for ordinary kriging. 

e ais the vector of kriging weights (Aj,..., An)". 

e wis a vector of Lagrange multipliers, empty for simple kriging and scalar for 
ordinary kriging. 


The covariance function C that allows calculating Cag and Cay can/should be replaced 
by the opposite of the variogram (—y) in the case of ordinary or universal kriging and 
by a generalized covariance in the case of intrinsic kriging of order k. 

In the multivariate isotopic framework, the same Eqs. (A.20)—(A.22) can be writ- 
ten, replacing the scalar quantities (random field Z, mean m, coefficient a, weight A,, 
Lagrange multiplier u, basic drift functions) by vectors or matrices. In particular, the 
scalar covariance function C is replaced by a matrix of direct and cross-covariance 
functions. When the mean values are unknown and unrelated (traditional ordinary 
cokriging), Fis a vector in which each term is an identity matrix and Fy is an identity 
matrix. In contrast, if the mean values are unknown and equal (cokriging with related 
means), then F and Fy are a vector of ones and the scalar 1, respectively. In the heter- 
otopic case, the complete system of equations is written first, as if the sampling were 
isotopic, then the rows and columns of the matrices and vectors of this system corre- 
sponding to the missing data are eliminated. 

The quality of the prediction is measured by the error variance, known as the 
‘kriging variance’, an ambiguous name that tends to confuse some practitioners and 
unattended students: 


var{Z(V)-Z (V)}=Cy(0)- Ay Coy — BF, (A.23) 


where Cy is the covariance function regularized on the support V of the target block, 
with C;(0) being nothing else than the variance of the variable Z(V) that is targeted 
for prediction. For ordinary, universal or intrinsic kriging, Eq. (A.23) can/should be 
rewritten, replacing the covariance function C with the opposite of the variogram or 
with a generalized covariance function. Besides, in the multivariate framework, the 
symbolic formula (A.23) is still valid but now provides the variance—covariance matrix 
of the prediction errors associated with the different variables. 


A.3.2 Critical input parameters 
Of all the input parameters, four are, according to our experience, crucial for the suc- 
cessful implementation of kriging. The first two are obvious: 


e the quality and representativeness of the data — beware of erroneous data or pref- 
erential samplings; 
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e the spatial correlation model represented by direct and, in the multivariate case, 
cross-covariance functions or variograms. 


The third parameter refers to the modeling of the means when simple (co)kriging 
is used, for which the means must be specified. In practice, a large amount of data 
is required for this preliminary calculation, which limits the use of a method often 
based on a contradiction: on the one hand, it is assumed that the mean is known and 
generally constant; on the other hand, the method is usually set up within a moving 
neighborhood that integrates, in principle, a ‘mild’ form of nonstationarity. Another 
example of modeling of the means has been mentioned several times: cokriging with 
unknown but related means, a circumstance that was found, for example, with the to- 
tal copper grades measured in drill holes and blast holes (Chapter 5), or with the total 
and soluble copper grades measured in drill holes (Chapter 8). The omission of the 
relationship between the means can lead to a loss of efficiency of cokriging, since an 
important part of the dependence between the variables stems from this relationship 
between the means. 

A fourth parameter, which has not been mentioned much in this book so far, is the 
(co)kriging ‘neighborhood’, a term that refers to the data around the point or block 
targeted for prediction. The theory is not very prolific in this respect, since the ideal is 
to use all available information, the famous ‘unique neighborhood’ that is not always 
applicable or desirable for several reasons: 


e The statistical fluctuations of the experimental variograms increase with the sep- 
aration distance, which may raise doubts about the quality of the fitted vario- 
gram model at large distances, distances that are often involved with a unique 
neighborhood. 

e The stationarity hypothesis is often questionable. It is for this reason that, in gen- 
eral, practitioners prefer ordinary (co)kriging, with unknown mean(s), to simple 
(co)kriging, because it allows the means to be constant at a local scale but variable 
at a global scale, without having to specify these local means. 

e The amount of available data — sometimes several hundred thousand — can make 
(co)kriging in a unique neighborhood numerically prohibitive. 


Therefore, the practice has ratified the use of a ‘moving’ or ‘local’ neighborhood, that 
is, the selection of a limited subset of the initially available data, those located around 
and near the target point or block. 


A.3.3 Design of a moving neighborhood 


In comparison with the unique neighborhood, the use of a moving neighborhood 
causes a deterioration in the quality of the predictor. Indeed, when a data is removed 
from the (co)kriging system, the variance of the prediction error increases by an 
amount equal to the product of two terms (Emery, 2009): 


e the square of the weight that is assigned to the removed data; 
e the variance of the error made when predicting the removed data on the basis of 
the other data. 
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Therefore, it is possible to remove (1) the data that receive a weight close to zero, 
generally corresponding to the data located very far from the target point or block, 
and (2) the ‘redundant’ data, which can be predicted with very little error from other 
data, without much deterioration of the (co)kriging predictor quality. For instance, 
in Chapters 4 and 6, the case of data corresponding to grade measurements in drill- 
hole composites of length 1.5 m has been shown: when selecting one composite in 
the neighborhood, is it really useful to include the adjacent composites from the 
same drill hole? The answer will depend on the spatial correlation model, since the 
‘redundancy’ between adjacent data may be small in the presence of a significant 
nugget effect. 

In practice, selecting the best subset of data, the one that leads to the small- 
est possible variance of error for a predetermined number of data is not simple. 
Numerous kriging programs allow splitting the space into angular sectors to search 
for data distributed around the target point, as well as not selecting data that are 
too close to each other, such as consecutive data of the same drill hole, which are 
partly redundant. We can only advise the practitioner to test several neighbor- 
hoods by means of cross-validation and to choose the neighborhood that has the 
best performance. In this cross-validation, it is a good practice to mask not only 
the target sample but also the samples that are very (too) close to the target, such 
as the samples belonging to the same drill hole; otherwise, the quality of the pre- 
dictions can be illusory. One variant consists in dividing the data set into K subsets 
and to predict each subset successively from the other K—1 subsets (K-fold cross- 
validation). The split-sample technique presented in Chapter 2 is nothing more 
than a particular case of cross-validation with K=2 subsets, one of which is used 
to predict the other. 

Within the framework of ordinary kriging with an unknown mean, we recommend 
taking into account the criteria suggested by Rivoirard (1987) and Vann et al. (2003). 
First criterion, the weight that is assigned to the mean in the case of a simple krig- 
ing should be close to zero, indicating that the selected data are relatively ‘abundant’. 
Second criterion, the slope of the regression of the true values upon the predictions 
must be close to 1, indicating that the unknown mean is estimated accurately from 
the selected data and thus avoiding the famous ‘conditional bias’, a concept that will 
be detailed in the next subsection. Other parameters can be examined, such as the 
Lagrange multiplier of the ordinary kriging system, the kriging variance, or the ‘krig- 
ing efficiency’ (Krige, 1997). 

In the multivariate framework, the optimal data selection depends on the degree of 
heterotopy and on the joint spatial correlation of all the variables (Rivoirard, 2004; 
Subramanyam and Pandalai, 2008). For some coregionalization models where there 
are proportionality relationships between direct and cross-variograms, the data of the 
covariates do not provide useful information when they are at the same points as the 
data of the main variable. In contrast, omitting the data of covariates at points other 
than the points with data of the main variable can degrade the quality of the predictor 
and cause conditional biases. Vergara and Emery (2013) show an application for the 
Ministro Hales (MMH) deposit, where the kriging of the arsenic grade is conditionally 
biased when a cutoff grade is applied to the kriged copper grade; the conditional bias 
disappears when the copper and arsenic grades are jointly predicted by cokriging. To 
avoid omitting any relevant data, Madani and Emery (2019) recommend incorporating 
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the data of the variable of interest located near the target point, as well as the data of 
the covariates close to the data of the variable of interest or to the target point. In the 
case of a heterotopic sampling, it is recommended to define a proper neighborhood for 
each of the variables to predict, even if some coherence is lost between the predictions 
of the different variables. 


A.3.4 Poor neighborhood designs 


What are the consequences of a poor design of the (co)kriging neighborhood? By 
construction, the predictions will remain globally unbiased, but they will become less 
precise and conditionally — that is, locally — biased: 


e less precise because the variance of the error will increase; 

e conditionally biased because the regression of the true value upon the predicted 
value will be different from the true value. Thus, knowing the predicted value, the 
expectation of the prediction error will be different from zero. 


In Chapters 4 and 5, several consequences of conditional biases have been mentioned: 


e For long-term planning, conditional bias implies an inaccurate calculation of the 
grades that will be extracted in the life of the mine, impacting the forecast net 
present value of the mining project. 

e For short-term planning and ore control, conditional bias implies a systematic 
error in the grade of the ore sent for processing. 


Two other consequences are often noticeable: 


e Presence of ‘artifacts’, that is, discontinuities of the predicted values in space that 
do not correspond to any reality. These artifacts are due to the selection of differ- 
ent subsets of data when predicting values at points close to each other, typically 
corresponding to adjacent nodes of the grid on which the predictions are made. 

e Attenuation of the smoothing effect of (co)kriging. One might think that it is good 
news to be able to build a predictor that smoothes less and, therefore, allows one to 
better predict the recoverable resources above a given cutoff grade (see Chapter 3). 
But less smoothing is also a symptom of less precision and more conditional bias, 
whose effects can be devastating for short- and long-term mine planning (Krige, 
1951, 1997; Journel and Huijbregts, 1978; David, 1988; Montoya et al., 2012; and 
Chapters 4 and 5). 


Another questionable practice is the kriging in several ‘passes’. A first pass is made 
with a very small neighborhood that contains only the data closest to the point or tar- 
get block; then, a second pass and a third pass are made with larger neighborhoods to 
predict the values at the points or blocks that could not be predicted in the first pass. 
Although the motivation of this practice is commendable, since it aims at reducing the 
smoothing of the predictor, as noted earlier, it causes a loss of precision, an increase of 
the conditional bias and the emergence of artifacts in the predictions. 
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A.3.5 Proposals to avoid neighborhood artifacts 


Let us mention three approaches to avoid neighborhood artifacts in the kriging results. 
The first one is the continuous moving neighborhood approximation (Gribov and 
Krivoruchko, 2004; Rivoirard and Romary, 2011) that penalizes distant data, just as if 
they were affected by measurement errors whose variance increases as one gets away 
from the target location, in such a way that their kriging weights become zero when 
they are beyond a given distance from the target. The second approach is the covari- 
ance tapering approximation (Furrer et al., 2006), which consists in multipliying the 
modeled covariance by a compactly supported covariance (called taper covariance), 
so that the kriging system becomes sparse, i.e., with many zero entries, and its solution 
can be computed efficiently with ad hoc algorithms. The last approach is the stochastic 
partial differential equation (SPDE) approach (Lindgren et al., 2011; Carrizo-Vergara, 
2018), which, under some conditions, can yield the kriging problem to a sparse system 
of linear equations. All three approaches can be used in the presence of large data sets 
(say, with hundreds of thousands of data) and are likely to gain in importance over the 
coming years. 


A.3.6 Kriging and iterative simulation algorithms 


Kriging is one of the components of conditional simulation under the multi- 
Gaussian model and its variations (truncated Gaussian and plurigaussian mod- 
els) (Armstrong et al., 2011; Chilés and Delfiner, 2012). Some precautions must be 
taken with iterative simulation algorithms, for which the values simulated during 
an iteration are used for the following iterations. Our experience in this area is a 
high sensitivity of the results to the use of a moving neighborhood, because kriging 
errors (even small) made by not selecting all the data propagate from one iteration 
to the next. 
Let us mention two particular cases, quite common in the practice of simulation: 


1. The sequential Gaussian simulation where, in each iteration, a target point is vis- 
ited and its value is simulated on the basis of the conditioning data and of the 
values simulated in the previous iterations. For the propagation of errors to be 
minimal, the size of the kriging neighborhood and the number of selected data 
must be very large (Emery and Pelaez, 2011), which means that calculation times 
can become prohibitive. Many other algorithms can be used to simulate Gaussian 
random fields, among which the turning bands method mentioned several times in 
this book (Chapters 2, 4, 6 and 7) stands out; 

2. The Gibbs sampler, used in truncated Gaussian and plurigaussian simulation to 
generate Gaussian values at the locations with facies data (Armstrong et al., 2011). 
Here, the use of a moving neighborhood can be catastrophic, to the point that 
simulated values diverge if the algorithm does not stop after a finite number of 
iterations. A variation of the algorithm known under the name of ‘Gibbs propaga- 
tion’ avoids this problem and allows the use of a unique neighborhood (Lantuéjoul 
and Desassis, 2012; Emery et al., 2014). 
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A.4 Conditional simulation 


Referred to throughout this book, conditional simulation aims at creating alternative 
‘scenarios’ or ‘outcomes’ of one or more variables of interest. They correspond to real- 
izations of the parent random field that, in addition, reproduce the known values at the 
sampling points. A single simulation gives information about spatial variability, but 
does not provide a precise prediction and does not allow evaluating the uncertainty 
in the true values at unsampled points. For this, it is necessary to build numerous 
simulations — tens, hundreds or thousands. The uncertainty is reflected in the fluctua- 
tions observed between one simulation and another at one point in space or jointly at 
several points. 


A.4.1 Facies modeling 


The simulation of facies and, more generally, of categorical regionalized variables 
can be carried out by the truncated Gaussian and plurigaussian models, of which 
some examples have been seen in Chapters 1 and 2. The plurigaussian model is par- 
ticularly flexible, since it allows controlling the contact relationships between facies 
through the definition of a truncation rule, as well as the global or local facies pro- 
portions through the definition of the truncation thresholds. In addition, the spatial 
continuity of the facies is also modeled through the direct and cross-variograms of 
the Gaussian random fields on which the simulation is based. The first applications 
of this method in mining have been somewhat late (Skvortsova et al., 2001, 2002; 
Carrasco et al., 2005) compared with applications to hydrocarbon reservoirs and 
aquifers, for which this method was initially designed almost fifteen years earlier 
(Matheron et al., 1987). 

The development of new models and the improvement of existing models for facies 
simulation are current research topics. In particular, the stationarity hypothesis is 
often questionable when it comes to simulating rock types or mineral zones in a de- 
posit, due to the presence of systematic trends, faults or geological folds that make the 
Cartesian coordinate system inappropriate. 


A.4.2 Grade modeling 


The Gaussian random field model (Eq. A.19) is, by far, the most used to simulate, after 
anamorphosis, the metal grades and, more generally, all kinds of quantitative vari- 
ables measured on a continuous scale, of which several examples have been given in 
Chapters 2, 4, 6, and 7. Here are some considerations about this model. 

The first one concerns the choice of the simulation algorithm. Users often con- 
fuse the model, which describes the random field to simulate, and the algorithm that 
describes the mechanism how to perform simulation. Any correctly implemented 
algorithm should lead to simulations whose properties are those of the model, so 
the choice of the algorithm is secondary with respect to the choice of the model, 
although it may have an impact on the calculation time or the memory requirements 
to construct the simulations. We notice some tendencies that are controversial. In- 
stead of a long argument against a particular algorithm, we will simply mention here 
two algorithms that have proven their quality, both from the computational point of 
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view and for their flexibility of use: the turning bands algorithm (Matheron, 1973) 
and one particular case of it, the continuous spectral simulation (Lantuéjoul, 2002; 
Chilés and Delfiner, 2012; Emery et al., 2016). A summary is presented in Table A.1, 
which compares the performance of the most widespread algorithms in terms of re- 
production of the spatial structure, computational efforts, storage restrictions and 
conditions of use. 

A second consideration refers to the conditioning of the simulations to experimen- 
tal data. Since most algorithms provide nonconditional simulations, thus reproducing 
only the spatial structure of the random field, an additional stage is required so that, 
near the data points, the simulated values get closer to the measured values, until 
matching them at the data points. This is the conditioning process, which in practice 
is based on the simple kriging of the error, also called residual, between the measured 
values and the simulated values at the data points (Chilés and Delfiner, 2012). Two 
comments on this kriging (or cokriging in the multivariate case): 


e In the presence of a large amount of data, kriging must be set up in a moving 
neighborhood. The definition of a neighborhood that is too small is not only 
useless — there is no need to fear a smoothing effect in the simulation — but it is 
also discouraged, since it could introduce an additional undesirable variability 


Table A.I Comparison of the main multi-Gaussian simulation algorithms 


Algorithm Reproduction Number of Need to keep Restrictions of 
of the spatial floating point the complete use 
correlation operations simulation in 
structure required to memory? 
simulate N 
points 
Cholesky Exact O(N?) Yes Limited toa 
decomposition few thousand 
of the points and 
covariance few variables 
matrix 
Sequential (unique Exact O(N?) Yes Limited toa 
neighborhood) few thousand 
points and 
few variables 
Sequential (moving Approximate O(N) Yes Limited to few 
neighborhood) variables 
Discrete spectral Exact O(N In(N)) Yes Simulation on 
(FFT) a regular 
grid. Not 
applicable 
to all the 
covariance 
models 
Continuous Exact O(N) No 
spectral 
Turning bands Exact O(N) No 


FFT, fast Fourier transform. 
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(discontinuity between values simulated at adjacent points, due to a change of the 
neighborhood). 

e Although the multi-Gaussian formalism is based on the use of simple kriging, 
it can be generalized when the mean of the Gaussian variable is uncertain, by 
substituting ordinary kriging for simple kriging. In practice, this device makes it 
possible to deal with situations in which the hypothesis of a constant mean value 
is only acceptable at the scale of the kriging neighborhood (local stationarity). 


A.4.3 Validation of the model 


Multi-Gaussian simulations have specific characteristics that distinguish them from 
other random field models. In particular, in addition to a ‘diffusive’ or ‘disseminated’ 
aspect in their spatial structure (like in Figures 2.19, 4.4, 7.17 and A.5), they exhibit 
the same spatial correlation of the indicators associated with symmetric cutoff values. 
For example, the indicator associated with the first quartile of the distribution (with 
three quarters of zeros and a quarter of ones) has the same variogram as the indicator 
associated with the third quartile (with three quarters of ones and a quarter of zeros). 

Since these properties are not always verified with the normal scores transforms of 
the grade data (after anamorphosis), it is useful to validate them before running the 
simulation. In addition to the indicator variograms, it has been seen, in the course of the 
chapters, that the lagged scatter plots are a useful tool to corroborate the multi-Gaussian 
hypothesis, depending on whether these plots have an elliptical shape or not. Another 
tool is the variogram of order w (w>0), defined for a stationary random field Y as: 


Yo(h)= ral Y(x+h)—Y(x) ue (A.24) 


Under the multi-Gaussian hypothesis, y,(/) is related to the traditional variogram 
(of order 2) y(h) by the following relation, where T stands for Euler’s gamma function: 


-l 
Yo(h)= r(e) KONE (A.25) 


In a log-log scale, the points representing the variogram of order œ as a function of 
the variogram of order 2 must be aligned along a straight line of slope œ/2. The val- 
idation of the multi-Gaussian hypothesis is, therefore, straightforward. Figure A.10 
provides an example for the Gaussian transform of the copper grade data of the 
Sur-Sur mine at the Rio Blanco-Los Bronces deposit, introduced in Chapter 3 
(Figure 3.2). Similar validations have been carried out successfully on other por- 
phyry copper deposits, all of a disseminated nature: El Teniente, Chuquicamata, 
Radomiro Tomic and Gabriela Mistral. 

In the multivariate case, the multi-Gaussian hypothesis concerns all the transformed 
variables jointly. In particular, the scatter plots and lagged scatter plots between 
different variables must also have an elliptical shape. If this is not the case, an alter- 
native to the anamorphosis of each variable separately is the search for a joint anamo- 
rphosis, so that the pairs of transformed variables exhibit elliptic or circular scatter 
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Figure A.10 Rio Blanco-Los Bronces deposit. Variograms of order œ = | (madogram) 


and of order œ = 0.5 (rodogram) as a function of the variogram of the 
normal scores transform of copper grades. On a log—log scale, the exper- 
imental points (circles and asterisks, respectively) follow the straight lines 
(Eq. A.25) expected under a multi-Gaussian model (Emery, 2005a, 2006). 


plots. This is certainly a good research topic, since the currently proposed solutions 
to this problem are difficult to set up in the case of heterotopic samplings or when the 
number of variables is high. 

It is unfortunate that geostatistical modeling software offers too few alternatives to 
practitioners when the multi-Gaussian hypothesis is not acceptable. As an example 
of such alternatives, it would be interesting to consider random field models con- 
structed by combinations (compositions, products, nonmonotonic functions, etc.) of 
multi-Gaussian random fields, which allow obtaining simulations with a nondissemi- 
nated aspect or with local anisotropies that evoke, as desired, swirls of smoke, climatic 
depressions or vortexes of turbulence (Figure A.11). 


A.4.4 Validation of the simulation results 


As with kriging or cokriging, cross-validation or split-sample methods can be used to 
check the quality of the constructed simulations. A poor validation could indicate a 
poor choice of the random field model, or a poor choice of the parameters for setting 
up the simulation algorithm, in particular the moving neighborhood. 

Two tests were presented in Chapter 2: 


e a first test of the predictive capacity of simulation, consisting in comparing the 
true values of the validation data with the average values obtained over a large 
number of simulations; 

e a second test of the ability to quantify uncertainty, based on the experimental 
determination of probability intervals and on the comparison of the nominal 
probabilities with the proportions of validation data that effectively belong to 
these intervals. 
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(a) (b) (c) 
(d) (e) (f) 
(9) (h) (i) 


Figure A.I] (a) Simulation of a multi-Gaussian random field, exhibiting a disseminated 
aspect. (b)—(i) Simulations of random fields defined by combinations of 
multi-Gaussian random fields, exhibiting a less diffusive structure, pat- 
terns of connectivity, as well as spatially varying continuity, smoothness, 
anisotropy and/or correlation range. All the underlying random field 
models are, however, stationary and can be simulated conditionally on 
sampling data by combining Gibbs sampling and multi-Gaussian simula- 
tion algorithms, as with the truncated Gaussian and plurigaussian models 
(Emery, 2007; Emery and Kremer, 2008). 


A.4.5 How many simulations? 


It is intuitively felt that few simulations cannot adequately quantify the uncertainty 
in the unknown true value, either at one point, on average in a block or in the entire 
deposit, because there is always a certain probability for the true value to be out of 
the range of simulated values. This raises the question of how many simulations are 
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Figure A.12 Probability that the true grade belongs to the range of simulated grades, 
depending on the number of simulations. 


needed to build an interval with a certain level of confidence. Next, a simple criterion 
is proposed to obtain a tangible answer to this question, which is illustrated by the 
example of a grade simulation. 

Having constructed k simulations, which are statistically indistinguishable be- 
cause each of them has the same spatial distribution as the reality, the probability 
that the true grade is greater than the k simulated grades is equal to 1⁄(k+ 1), an event 
that becomes increasingly rare as the number of simulations increases. The same ap- 
plies to the probability that the true grade is less than the k simulated grades, equal 
to 1/⁄(k+1). By difference, the probability that the true grade is between the minimum 
and maximum simulated grades is 1—2/(k+1), i.e., (k- D(k+1). For example, with 
39 simulations, the simulated grades define a 95% probability interval, whereas, with 
199 simulations, the probability that the true grade belongs to the range of simulated 
grades reaches 99% (Figure A.12). 


A.5. Transitive representations and object-based models 


A.5.1 Transitive geostatistics 


Transitive geostatistics is a branch of geostatistics developed by Matheron (1965a, 
1971), in which the regionalized variable is studied directly, without interpreting it as 
a realization of a random field. Therefore, the constitutive model is not the same as 
the one adopted throughout this book, in particular no hypothesis of stationarity and 
ergodicity is required. 

It is assumed that the regionalized variable vanishes out of a bounded domain of 
space or ‘field’, a hypothesis that is verified in practice because a deposit or a min- 
eralized area has always a finite extent. The structural tool is then the ‘transitive 
covariogram’: 
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g(h)= Í 2(x)z(x+h)dx, (A.26) 


where the integral extends to the entire space. This is a positive semidefinite function, 
but unlike the covariance in intrinsic geostatistics, its properties inextricably mix those 
of the regionalized variable and those of its field, because its definition is based on a sum 
(integral) and not an average (mathematical expectation). For example, the range of the 
covariogram in a given direction corresponds to the maximum diameter of the field in 
this direction and its nature is purely geometric. When the regionalized variable is the 
indicator of the field, the transitive covariogram is called the ‘geometric covariogram’, a 
tool that, as the name implies, synthesizes information about the geometry of the field, 
in particular, about the regularity of its boundary (Matheron, 1965a; Lantuéjoul, 2002). 

Transitive geostatistics allows addressing both global and local prediction prob- 
lems. Global prediction is interested in the abundance 


Q= Í add (A.27) 


and allows, under the assumption that the sampling design is regular, stratified ran- 
dom or uniform in the field, constructing an unbiased predictor and calculating the 
variance of the associated error. The concepts of bias and error variance here stem 
from the randomization of the sampling mesh and not from the regionalized variable. 

Local prediction leads to the so-called ‘transitive kriging’ (Matheron, 1967), whose 
equations are formally identical to those of simple or ordinary kriging, except that 
covariance or the variogram is replaced by the transitive covariogram. This kriging 
provides a predictor of the regionalized variable in a deterministic context, the notion 
of error variance being lost. Regrettably less known and less used than its counter- 
part developed in intrinsic geostatistics, transitive kriging is helpful when the region- 
alized variable vanishes on the boundary of the field, a situation that is met not only in 
the evaluation of mineral resources (Renard et al., 2013) but also in the evaluation of 
fishery resources (Bez et al., 1995; Rivoirard et al., 2000). 


A.5.2 Object-based models 


Object-based models can be used to represent regionalized quantitative or categorical 
variables in a construction that considers two ingredients: 


* a point process, i.e., an infinite countable set of points randomly distributed in 
space; 

e a family of independent compact (that is, topologically closed and bounded) 
objects that have the same distribution as a ‘typical object’, whose shape, dimen- 
sion, orientation and valuation can be deterministic or random. 


An object is placed at each point of the point process. A convention defines the value 
of the random field at a location where several objects overlap: 


e value of the first or the last object, when the point process is not only defined in 
space but also in time: this is the dead leaves model (Figure A.13a); 
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(b) (c) 


Figure A.13 Object models based on a homogeneous Poisson point process and ran- 
dom discs: (a) dead leaves and (b) dilution using discs valued +I or -lI 
with the same probability; (c) Boolean model using discs uniformly valued 
between -| and lI. 


e sum of the object values: dilution model (Figure A.13b); 
* maximum object value: Boolean model (Figure A.13c). 


A frequent case of a point process is the homogenous Poisson point process, which 
corresponds to the concept of randomly and uniformly distributed points in the region 
under study. This process is characterized by a positive constant 0 called intensity, 
which measures the expected number of points per unit volume. 


A.5.2.1 Special case: Boolean random set 


When the point process is a homogeneous Poisson process and the objects have binary 
valuations (0 or 1), the Boolean model provides a binary random field that points to a 
random set X called Boolean random set. The univariate distribution of this indicator 
is related to the intensity 9 and the expected volume of the typical object A: 


Prob{x ¢ X} = exp{-0 E(|A))} (A.28) 


where |A| represents the volume of A. As for the bivariate distribution, it is related to 
the geometric covariogram K(h) of this typical object: 


Prob{x ¢ X,x+h¢ X}=exp{0[K(h)-2E(\A)}} (A.29) 


with K(h)= Ef fuoa madx} 


This model is particularly simple, since it only depends on the definition of a typical 
object and a scalar parameter (the Poisson intensity 8) related to the number of objects. 
Simulation conditional on a data set can be performed using iterative acceptance and 
rejection techniques (Lantuéjoul, 1997, 2002). 
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A.5.2.2 Application to the control of the flotation process 

The Boolean random set can be used to determine the diameter distribution of the gas 

bubbles in a flotation cell, a parameter related to the area of contact between the gas 

and the liquid in the cell that affects the recovery of minerals of interest. Photographed 
inside a viewing chamber that samples the cell (bubble viewer), the bubbles appear, 
once the photo is binarized, as discs distributed in a homogeneous way and likely to 


overlap (Figure A.14). 
Since the typical object is a disc of random diameter, its geometric covariogram is a 


mixture of circular covariograms: 
(A.30) 


K(h)= J, cirea 2(5)dd= f cirage as 


with: 
L-6? } In<s : geometric covariogram of the disc of 


. 2 
e  circs(h) = ea arccos 4 = 


diameter ô; 
g(5): probability density of the gas bubble diameters, whose determination is the 


objective of the study. 
The inversion of formula (A.30), based on Leibniz integral rule (differentiation under 
the integral sign) and Fubini’s theorem, gives the complementary distribution function 


1—G associated with the density g: 
(A.31) 
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Figure A.14 (a) Flotation cell sampling device; (b) binarized photograph of the gas 
bubbles. The objective is to estimate the distribution of `the bubble di- 
ameters. Image analysis techniques give biased estimates because bubbles 

can overlap, even be completely hidden, or be cut by the edges of the 


photograph (Emery et al., 2012; Kracht et al., 2013). 
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Equation (A.29) allows one to experimentally estimate the covariogram K(h), with 
the exception of an additive constant and a multiplicative constant (0). It follows from 
Eq. (A.31) an unbiased estimate of 0(1—G), which, once normalized, provides an es- 
timate of the desired complementary distribution function 1—G. Thus, the structural 
analysis of the photograph leads to a direct estimation of the bubble diameter distribu- 
tion, without resorting to more tedious image analysis techniques. Online monitoring 
of the flotation process is possible, based on the real-time analysis of the photographs 
taken in the bubble viewer, and can provide feedback to the gas bubble injection sys- 
tem in order to optimize the recovery of the flotation cell. 


A.5.2.3 Application to geotechnical modeling 


The Boolean model can also be used to describe a network of fractures in a rock mass. 
For example, fractures can be represented by discs centered at the points of a Poisson 
process in the three-dimensional space and randomly oriented in this space, a model 
initially proposed by Baecher et al. (1977) (Figure A.15). 

Assuming that the fracture diameters and orientations are mutually independent, 
the distribution of the diameters of the discs is related to that of their traces observed 
in a plane via the following formula (Warburton, 1980): 


_1¢* g(8)d8 
f= a aa 


with: 


(A.32) 


e KI): probability density of the fracture trace lengths observed in a plane; 
e — g(6): probability density of the fracture diameters; 
e w average fracture diameter. 
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Figure A.I5 Boolean model of circular fractures. Each fracture here has a fixed 
diameter, but its orientation is random (Hekmatnejad et al., 2019). 
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This formula is still valid if the Poisson intensity, the fracture diameters and frac- 
ture orientations are no longer modeled by random variables, but by independent, 
stationary and ergodic random fields, and if the two-dimensional observation win- 
dow is large enough for the experimental statistics to be a good approximation of 
the model statistics. Randomizing the Poisson intensity is equivalent to replacing 
the Poisson point process with the so-called Cox process (Lantuéjoul, 2002), which 
allows taking into account the spatial variations in the average number of fractures 
per unit volume, due to geological and geomechanical factors (stress field direction, 
rock strength, proximity of faults, etc.). 

The inversion of Eq. (A.32) leads to a formula similar to Eq. (A.31) (Hekmatnejad 
et al., 2018): 


ene j J pe (A.33) 
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expression that allows determining the distribution of the fracture diameters from the 
trace length distribution, which is experimentally accessible after correcting sampling 
biases (Baecher and Lanney, 1978, Lantuéjoul et al., 2005). 

The simulation of fracture networks represented by Boolean random sets has been 
studied in particular by Jean-Paul Chilès (Chilès, 1989a, b; Chilès et al., 1992; Chilès 
and de Marsily, 1993) and remains, to date (2020), an active research topic. 
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